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MECHANICAL VIBRATION AND
SHOCK MEASUREMENTS

INTROBDUCTION

Machanical vibrations and shecks are dynamic phenomena, — i.e, their
intensity varies with time, Both the maximum intensity, however, and the
rate of change in intensity with time, spread over wide meastsremont ranges
and often require highly specialized equipment for their precise determina-
tion, Ground motions caused by far-off earthquakes [or explesions) may,
for instance, be barely detectable while vibrations caused by large com.
bustion engines can cause severg mechanical fatigue damage,

Although in most cases mechanical shocks and vibrations are undesired
byproducts of otherwise useful processes, and great efforts ara spent to
reduce their effects, some vibrations ore produced on purpose, Typical
axamples are the vibrations produced by conveying and screening machines,
mechanical hammars, ultrasonic cleaning baths, ete,, while desirable shock-
affects are built into riveting hammers and pile-drivers,

As the same methods of description and measurement apply, in general,
whother the vibrations or shocks being characterized are wanted or un-
wanted no clear distinction has been made throughout this book, The
various chapters have been laid out with a view mainly to dose..ibe measure-
ment data and technigues necessary to characterize vibrations and shocks
and to evaluate thelr effects on a responding medium, For mers comprehen-
sive treatments of thearetical aspects the reader is referred to standard
taxtbooks and to [iterature cited in the billliography.



1. PRECIS

In this précis it is intended to give a brief extract of the main subjects
dealt with in the succeeding chapters, This should allow the more
experienced vibration measurement engineer 10 rapidly find the charts and
data that he might need, and help the less experienced engineer to aasily
find the text that he would want to study a little closer,

Chapter 2 reviews briefly the basic characteristics of mechanical vibra-
tions and shocks, and various dquantities characterizing their magnitudes are
defined, With regard to stationary vibrations, periodic as well as random, the
most important single quantity to determine is the RMS {root mean square)
value, because of its refation to the energy content of the vibrations:

XHMS = T";."f "2 {t} dt

For the characterization of shocks there scoms to be no single quantity
of similar importance although quantities such as the peak acceleration and
the total velocity change (acceleration vs, time Integral} represent useful and
descriptive data, However, it is proctically impossible from any of the single
gquantities mentioned above to predict with reasonable accuracy all the
various effects that vibrations and shocks may cause in mechanical systems.
To do so additional descriptive means must be utilized, and one of the most
pawerful methods in use today is the technigus of frequency analysis
{Fourier transformation).

Frequancy analysis of periodic signafs is briofly outlined in section 2,1,
and in section 2.2 Js shown how the technique can be used to also describe
random vibrations, While the frequency spectrum of a periodic signal con-
sists of discrete harmenically related vibration components which may he
characterized by their individual RMS-values, the frequency spectra of
random vibrations are continuous and a description s best made in terms of
mean square spectral density (power spectral density):

lim lim 1 T
Wi = Atog T-reo BFT 4 %%as hat

Section 2.3 describes how the Fourfer transform technigue can be
applind also to transient phenomena and shocks, and some axamples of this
kind of analysis are shown in Figs.2.13 and 2,14,
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In section 2.4 the description of nonstationary randem vibrations is
briefly discussed and certain types of nonstationarily are exemplified in
Fig.2.16, Chapter 3 deals with the response of mechanical systems to vibra-
tions and shocks, and in section 3.1 the response of finear systems to
deterministic vibrations is discussed. Use is made of the general principie of
superposition and the phenomenon of resonance is described {Figs.3.3 and

34).

Section 3,2 outlines some response properties of noniinear systems and
same nonlinear spring characteristics are shown in Fig, 3.6, Fig.3.7 illustrates
how these kinds of nonidinesr springs affect resonances of which they may
be part. Typical nontinear phenomena such as instabilities and the produc-
tion of subharmonics are also mentioned, and a physical explanation for

thelr oceurrence is given.

A brief outline of the theory of rotational and torsional vibrations In
lumped parameter systems is presented in section 3.3, stating that while
rectilinear motions are governed by force equations rotatlonal matians are

governed by torque equations.

In section 3.4 the response of mechanical systems to stationary random
vibrations s derived, while section 3.5 deals with shock respenses and
introduces the concept of shack response spectra. This is a rather specific
type of "'spectrum” and should not be confused with the Fourier spectrum
of the forcing shock pulse, Various quantities connected with the shock
responsa spectrum are defined, and a mathematical relationship between the
undamped residual shock spectrum and the Foutler spectrum of the shock

pulse s given,

Section 3.6 discusses briefly the response of structures 1o mechanical
vibrations. It is shown that the response is here no longer a function of time
only, but also of space, and a description may best be madle in terms of
natural modes, While "simple" compressional vibrations {waves) in linear
structurgs can be mathematically treated by means of a second order
differential equation, transverse vibrations need a fourth order differential

equation for thelr proper description,

Some examples of typlcal mode shapes are given in Flgs.3,19 {beams)
and 3.20 (square plates).

Chapter 4 describes some effects of vibration and shock on mechanical
systems and man. In section 4,1 the damaging effects of vibrations in terms
of mechanical fatigue are discussed to some length, both with respect to
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periodis vibrations and with respect to random vibrations, while section 4.2
deals with halance quality of rotating machines, In Fig.4,8 curves indicating
the maximum residual unbalance corresponding to various balancing grades
ara glven.

The last section of Chapter 4, sectien 4.3, summarises some effects of
vibration and shock on man, Vibration exposure eriteria curves are shown in
Fig.4,14 and curves indicating the tolerance of human subjects 1o impact
pulses are indicated in Fig.4,15,

Chapter § discusses some practical and theoretical aspects of vibration
measuremaent instrumentation and techniques, In section 5.1 soms general
measurement censidarations are made und section 5.2 introduces some basic
measurement systems, |t is shown how the Briicl & KJar {mpulse Precision
Sound Level Metor Type 2204 can be used asa direct reading, battery
operated vibration meter and that the addition of an external Filter Set
enahles the vibration spectrum to also be frequency analyzed, Further types
of frequency analysis, using constant bandwidth, as well as constant
percentage bandwidth, analyzing equipment are also outlined. When very
low frequency vibrations are to be analyzed the use of frequency transform-
ations by means of the FM (frequency modulated) maanetic Tope Recorder
Type 7001 is recommended.

Section 5.3 describes some of the most important propenties of modern
accelerometars, and typical frequency characteristics for Briel & Kimr
Accelerometers are shawn in Fig.5.20, Furthermore, as the selection of the
most suitable accelerometer in some cases may be a little complicated the
chart given in Fig.5.21 hos been prepared. Apart from indicating the main
fields of application for the various accelerometers, other pertinent data
relating to their averall performance are also stated in the chart. Finally the
intarconnection between the voltage sensitivity and the charge sensitivity of
an accelsrometer is mentioned.

The use of the two “types’ of sensitivity is further discussed In section
5.4 In conjunction with the selection of the appropriate accelerometer
preamplifier. Again a chart has been prepared in an artempt to assist the
reader In his selectian, and the chart is prasented in Fig,5,20.

I'n sectlon 5.5 the use of various types of analyzers and read-outs is more
theroughly described, and the importance of the ghase eharacteristic of the
measurement system mentjoned, Examples of phase distortion are shown in
Fig.5.30 while Fig,5.31 indicates the range of *“ideal’’ operation of a typical
vibration measurement system. Even though tho phase distortion of the
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measuring equipment is important, if measurements are to be made direetly
on the vibration signal waveform, it may be neglected when the problem
consists in a determination of RMS-values and frequency spectra onty. Here,
on the other hand, the problem of statistical errors becomes significant in
conjunction with the analysis of random vibrations, The statistical error in
an RMS-measurement Is then given by the expression:

1
¢ = JAfT

where Af is the measurement bandwidth {or the resonant bandwidth) in Hz
and T is the effective averaging time of the detecting equipment. This
refationship is demonstrated in Figs.5.38, 5.3% and 5,40,

Section 5.6 deals with the calibration and performance checks of the
measuring arrangement, While the "simple” calibrator built Into the
Preamplifier Type 4292 may be used for a quick performance check, con-
siderably more accurate caljbration can be made by means of the Calibrators
Type 4281 and 480144815, Furthermere, a special Calibrator, Type 4290,
is available mainly for frequency responsa calibration.

In section 57 some practical acceferometer mounting methods are
discussed, and six methods of mounting are shown in Fip.5,46. The
influance of the mounting methed upon the frequency characteristic of the
acceleromoter [s demonstrated in Fig.5,48, Also other practical accelerome-
ter application problems, such as the formation of undesired ground loops
(Fig.6,50), and the problem of cable noise and microphonics, are
mentioned,

The Chapter concludes with the suggestion of a general measurement
schems in section 5,8, This scheme Is meant as a help to remember the most
important factors in the setting up and use of a vibration measurement
systam, and it is recommended that this section is read in full,

In Chapter 6 the practical measurement and analysis of shock puises are
treated, and in section 6.1 snmae general measurement considerations are
cutlined, The importance of linear frequency and phase respanses of the
measuring equipment (s emphasized. Typical effects of limitations in the
frequency response are shown in Figs.8.1, 6.2, 6.3, 6.4, 6.5 and 6.8, while
the chart, Fig.6,7, allows an estimate to he made of the frequency response
required in particular shock measurement situeations,

Section 6.2 deseribes briefly some typical shock measurement systems
and points out the advantages obtained by recording the shock pulse on
magnetic tape.



In section 6.3 the practical frequency (Fourler) analysis of tape recorded
shock pulses is discussed in some detail, There are, gencrally speaking, two
different ways of performing such analysis In practice. One way consists In
applying the pulse to the analyzing {ilters once per fiiter, while the second
way consists in repeating the pulse periodicaily by the use of a very shert,
closed, tape loop cantaining the pulse, Varlous practical aspects involved aro
outlined, and results chteined according to both methods of analysis are
exemplified in Fig.6,12.

Chapter 7 deals with some methods of shock and vibration control, As
one of the most important methods of control s the jsofation of vibration
and shocks this is discussed to some extent in section 7.1, Even though the
principles involved in the Jsolation of both vibrations and shocks ara similar,
certafn distinct differences exist, It has, therefore, been found convenient to
split the section into a} Vibration isolation, and b) Shock isolation, The
basic principle of vibration isolation consists in selecting a spring mounting
far the equipment {machine) to be isotated so that the natural frequency of
the spring mass system Is considerably lower than (say less than thres times)
the lowest frequency component to be Isolated, Typical resonance curves
for spring'mass systems with various damping ratios are shown in Fig.7.2,
and Figs.7.8, 7.7 and 7.8 illustrate the measurements necessary to solve a
practical vibration isolation case.

With regard to shock /sofation this is wreated on the basis of tho shock
response spectrum and the choice of proper damping in the isolation system
is emphasized, It Is shown that an effective shock force isofation can only be
obtained by transforming the force into motion.

In section 7.2 the theory and application of the dynamic vibration
absorber and the use of wibration damping treatments are outlined. The
results of applying a8 dynamic vibration absorber to a resonant system are
sketched in Flgs.2.21, 7.22 and 7,23, while useful design curves ara shown
in Flgs,7.24 and 7.25.

When it comes to tho application of vibration damping treatments this
may be donu in several ways, the simplest of which is to spray a layer of
viscoplastic materfal with high internal losses over the surface of the
vibrating structure, Fig.7.30, Other rnethods consist in the design of various
types of sandwich structures as illustrated in Fig.7.31. The section con-
cludas with a description of different methods of measuring the internal
losses In damping materials, the most impartant one seeming to be one
suggested by Dr, H. Oberst et. al. which utilizes the Britel & Kjoer Complex
Modulus Apparatus Type 3930,
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Saction 7.3 describes several methods of vibration testing of mechaniecal
equipment. This kind of testing and investigating the effects of internal
equipment resonances has become quite popular and powerful over the past
years and brief deseriptions are given of the frequency sweep test as well as
the wide band random and the sweep random vibration tests,

In section 7.4 another kind of mechanical testing, the shock test, is
discussed to some extent. Even though most of the shock testing performed
today is made on specially designed shock machines, the techniques of
utilizing electredynamic vibration machinaes in shock spectrum testing seems
to attain increasing popularity in shock and vibration laboratories. Both
kinds of shock testing oare briefly outlined,

Section 7.5 deseribes the basic aspects of the bafancing of rotating
machin»s, Both static and dynamic balancing are discussed and some simpla
balancing methods are pointed out,

In the last Chapter of the book, Chapter 8, an outline is given on the
concept of mechanical /mpedance and mobility, correlation and cross-
spuctral density measurements as well as on the determination of prebabil
ity density data for random vibrations.

While section 8.1 {mechenical impedance and mobility] and section 8.2
{cross-correelation and cross-spectral density measurements) describe the use
of two channel type measurements, the final section, 8.3, (probabifity
density measurements} is based, primarily, on the use of single channel
maeasurements, The applicabllity as well as the limitations of the various
methods are pointed out and examples of their practical use given.
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2. CHARACTERISTICS OF VIBRATION AND SHOCK

2.1. Periodic Vibration

Periodic vibration may be looked upon as an oscillating motion of a
particle, ar body, about a reference position, the motion repeating itself
exactly after cerain periods of time, The simplest form of perledie vibra.
tions s the socalled harmonic motian which when plotted as a function of
time, is represented by a sinusoldal curve, Fig.2,1. Here T is the period of
vibration, i.e. the time elapsed batween two successive, exactly equal condi-
tions of motion,

Disnlacement

A\

\/ Time -

Frar

Fig.2.1. Example of a pure harmonic (sinusoidal} vibration signal

The frequency of the vibratian is

1
f T

Turning to the magnitude of the vibration this may be characterized by
different quantities, all of which have definite mathematical refationships to
each other as fong as harmonic motion Is considered.

If the vibration has the form of a pure translaticnal oscillation along one
axis {x) only, the instantaneous dispfacement af the particle {ar body) from
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the reference position can be mathematically described by means of the
equation:

. t . .
X = Kpoak SN2 T ) = X Sin (2.7 1) = Xy sin {wr)
where < = 2xf=angular frequency
Xpeok = Maximum displacement from the reference position
t = time

As the velocity of a moving particle {or body) is the time rate of change
of the displacement,the maotion can also be described in terms of velocity
tvh:

_ dx X iy i L
v = ST W Xpgak €08 (et} = Vpgag 08 (wt) = Vo sin fwt+ ?J

Finally, the acceleration (a) of the motion is the time rate of change of
the velocity:

d? " ;
a = —g—:=d—t££= -w? Kook Sin fwth = —Ag o sin {wth # Ag gy sin feot + a1}

From the above equations it can ha seen that the form and peried of
vibration remain the same whether It Is the displacement, the velocity or the
acceleration that Is being studied, However, the velocity leads the displace-
ment by a phase angle of 90° (£} and the acceleration again lsads the
velocity by a phase angle of 90° (5), As characterizing values for the magni-
tude the poak values have been used, i.e. Xjaak. Vigak 8Nd Apgax. The
magnitude description In terms of peak values is quite useful as long as pure
harmaonic vibration is considered because it applies directly in the equations
given above. If, on the other hand, more complex vibrations are being
studied other deseriptive quatities may be preferred, One of the reasons for
this is that the peak value describes the vibration in terms of a quantity
which depends only upon an instantaneaus vilbiration magnitude regardless
of the tima history producing it,

A further deseriptive quantity, which does take the time history into
account, is the average absolute value, defined as {see also Fig.2.2):

1
Xiavaragel * F {T Ix| dt
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Fig.2.2. Example of a harmonic vibration signal with indication of the
peak, the RMS and the average absolute valug

Even though this quantity takes into account the time history of the
vibration over one peried {T} it has bean found to be of timited practical
interest, A much more useful descriptive guantity which also takes the time
history into account, fs the AMS froot mean square) value {Fig,2.2});

Xams = %‘gx"’(t)dt

The major reason for the impartance of the RMS-value as a descriptive
quantity is its direct ralationship to the energy content of the vibrations,

For a pure harmonic motion tha rolationship between the various values
is:

T 1
Xpms = 243 X averagel =7"_9_"‘;::011!:.

A more general form of these relationships may he given by:

1
Xums = Fr Xiavarage © _F':xpenk

or: F’ = _:B-MS._" Ft: a _;((_ ponk
|Avarage| RMS

The factors Fy and F; are called “'form-factor” and *crest-factor”,

respectively, and give some indication of the waveshapa of the vibrations
being studied,
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Acreteration

AWANANAN

FHETS

Fig.2.3, Example of a non-hannonic periodic motion [piston acceleration
of a combustion enginel

For pure harmonic motion:

———‘-”—: =1 = = [
Fy= 50 =111 (®1dB) and Fp = /2= 1.414 (=3 dB)

Most of the vibrations encountered in dafly life are not pure harmonic
motions even though many of them may be characterized as periodic, A
typical non-harmanic periadic motion is shown in Fig.2,3 {piston accelera-
tion of a combustion engine), By determining the peak, avarage absolute
and RMS-value of this vibration as weil as the form-factor and crest-factor a
lot of wseful information Is obtained, and it can be clearly conecluded that
the motion Is not harmonic, However, it will be practically impossible, on
the basis of this information, to predict all tho varjous effects that the
vibratlon might produce in conneeted structural elements, Other methods of
description must therefore be used,

One of the most powerful descriptive methods is the method of frequen-
cy analysls, This is based on a mathematical theorem, first fermulated by
FOURIER, which states that any perlodic curve, no matter how complex,
may be looked upon as a combination of a number of pura sinusoidal curves
with harmonically related frequencies:

Ft) = Xg + Xy sin [t + g} + X5 50 (2 wt +25)
+ Xgsin (3ewt +g) e + X sin {nwt +9,)

As the number of elements in the series increase it becomes an increasing-
ly better approximation to the original curve, The various elements con-
stitute the vibration frequency spectrum, In Fig.2.4 the nonbarmonic
periodic motion of Flg.2,3 is redrawn together with the two most jmportant
harmonie curves representing its frequency spectrum, A somewhat maore
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Fig.2.4. Hustration of how the waveform shown in Fig.2,3 can be "broken
up” into a sum of harmonically related sinewaves

canvenient method of representing this spectrum Is shown in Fig.2,51, while
Fig.2.6 shows some further examples of periodie tima functions and thelr
frequency spectra, A specific feature of periodic vibrations, which becomes
clear by looking at Fig.2.5 and 2.6 is that their spectra consists of discrete
/ines when presented in the so-called frequency domain {Figs.2,.5b and
i 2.6b}. This is in contrast 1o random vibrations which show continuous
frequency spectra (section 2.2, Fig.2.12).

| g |
: ]
H 5 E
i §
! i
t -I lr:!-] Frequency, |
1l Tll by ukncy,
e
al b)

Fig.2.5, Hlustration of how the signal, Fig.2.3 can be described in terms of
a frequency spectrum
al Descrigtion in the time domain
b} Description in the frequency domain
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2.2, Stationary Random Vibration

Random vibrations are mat rather frequently in nature and may be
characterized as vibratory processes in which the vibrating particles undergo
irregular motion cycles that never repeat themselves exactly, see Fig.2,7, To
obtain a complete description of the vibrations, an infinitely long time
record is thus theoretically necessary., This is of course an impossible
requirement, and finite time recards would have 1o be used in practice, Even
so, if the time record becomes too long it will also become a very incon-
venient means of description and other methods have therefore been devised
and are commonly used. These methods have their origin in statistical
mechanics and communication theory and involve concepts such as ampli-
wde probability distributions in terms of probability densities and con-
tinuous vibration frequency spectra in terms of mean square spectral
densities *).
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Fig.2.7. Exampie of a random vibration signal

Without going into too much mathematical detail the meaning of the
abave concepts should he briefly reviewed because of their importance in
relation to practical vibration measurements,

The concept of probability is of a mathematical origin and denotes the
chance of a particular event happening. If the event in question is absolutely
certain to happen the probability of occurrence of the event is said to be 1.
On the other hand, if the event in question is certain not te happen the
probability of oceurrence is said to be O, Thus probabilities are, in the sense
used here, positive real numbers batween 1 and O,

*| Mean square spectral density Is nlso ofton tormed “Powaer Spectral Density’
(P.5.0.} becausa the mean square Is o quantity proportional to power,
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In the study of continuous processes siich as stationary*®) random vibra-
tions it Is often convenient to usa tha concept of probability density instead
of probohility. Physically the prabability density ean be defined as the
probability of finding Instantaneous amplitude values within a certain ampli-
tude Interval, Ax, divided by the size of that interval (thus: density), see
Fig.2.8. This means that whila probabilities are dimensionless guantities the
probuhility density is a guantity having a certain dimension,

xr VA smhttgelyet,

Mz

Fig.2.8, Skotch illustrating the concepts of probability and probability
density

Mathematicolly formulated the probability density at some specified
amplituda level, x, is:

pix) = A’I‘m*o P (x] -APx{x + fx)

Here p{x} designates the probability density whife P{x) is the probability
that any instantaneous amplitude value exceeds the leval x and P (x +Ax) is
the probability of occurrence of Instantaneous amplitude values exceeding
the level x +Ax, By plotting the value of pix) for all vatues of x a probabili-
ty density curve is obtained which has the feature that an integration of the
curve from a value x, to a value x, immediataly telts the probability of
occurrence of instantaneous amplitude values within the interval (xg — x4},
independent of the actual magnitude of x; and xp. The presentation of

**|Stationory random vibrotions are definoed os rondom vibrations whose stat/stical
charactaristi¢s do not chungs with time, .
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experimental probability data in terms of probability density curves bears
some advantages because it allows for a direct comparison of data between
experiments {and botween experimenters) independent of the width of the
amplitude interval, Ax, used in the experiment, Finally, theoretical probabil-
ity data are commonly presented in the form of probobility density curves
and this method of presentation must therefore be considered the most
gunerally acceptable one,

From the definition of probability density it follows that hy integrating
the probability density curve over all possible amplitude values the magni-
tude of the intagral will he 1 {because the probability of finding a certain
amplitude value within all possible amplitude values is 1). The practical
procedure involved in converting experimental andfor theoretical data into
probability density data ensuring that the area under the probability density
curve is 1, is called normalization, and the most commonly known normal-
ized probabillity density curve, the normal (Gausslan) curve, is shown in
Fig.2.8,
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Fig.2.9. The normalized Gaussian probability density curve

Even though probability density data are very useful signal descriptions
and give excellent information on how, on the average, the instantaneous
amplitudes in a vibratory signal are distributed, they give littla or no inform-
ation as to the time history or frequency content of the process being
studied. To try and remedy this, and to obtain further descriptive data,
statistical physicists Introduced a function called the awtocorrefation func-
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tion, Yir). This function describes {on the average) how a particular Instan-
taneous amplitude value depends upon previously occurring instantaneous
amplitude values in that ¥ {7) is defined as:

_ lim 1
b= It teena

where f {t) is the magnitude of the vibratory process at an arbitrary instant
of time, t, and f {t+ 7) dasignates the magnitude of the same process
observed at a time, 7, later, see Fig.2,10,

HL+7 269074
Fig.2.10.  Basic concepts involved in deriving the autocorrelation function

In the case of an "ideal” stationary random process the autocorrelation
function would consist of an infinitely narrow impuise-function around zero
{r = 0}, see Fig.2.11a}, as in such a process each instantanecus amplitude
valug should be completely independent of all other instantaneous ampli-
tude valuas,

However, in practice the autocorrelation functions associated with
stationary random vibations cluster around 7 =0, but are never "infinitely
narraw" impulse-functions, Fig.2,11b} and ¢}, The reason for this spreading
out of the curve around zero is that all practical randorm processes are
frequency limited, and the narrower the frequency limits are the more
spread-out are the corresponding autocorrelation functions,

From the autocorrelation function another, very important function in
practice, can be deduced, which has a certain resemblance to the Fourier
frequency spectra described in section 2.1 for periodic vibrations, This func-
tion has been termed the mean square spectral density function (power
speetral density function) and can be derived from the autocorrelation func-
tion as follows: Assuming that the Integral of Y {r) from —ooto + eols finite
{see Fig.2.11) one can write:
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Fig.2.11, Example of autocorrelation functions
a} Autocorrelation function for an ideal stationary random
process containing frequencies from 0 to o [constant spectral
density)
b} Autocorrelation function for a “practical” wide band
statfonary random process
¢} Autocorrelation function for a narrow band stationary
random process

wiw) = [ ¥rh eIt dr

where «» = 2 #f and f is frequency,

From the theory of Foutrier integrals it is furthermore known that y {7)
can also be found from the above integral by inversion:

Plr) = E]F _F w o) W7 deo = fw fos) el2mir gf

The Fourier integral relations between ¥ {r) and w (w) are often called
tha Wigner-Kintchine relations and play a very impeortant role in the theory
of random processes.

In physically realizable stationary processes one operates with positive
{frequencies anly and ¥ {1} =  {—7) whereby the integral for ¥ (v} becomes:

o

Yiry = 2 [ wiw) cos{wr} df
[*]
or, if a function w () is defined so that
wifl = 2w(w)
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then Wi = [ wi(fl cos{2nfrhdf
o

To interpret the function w {f) consider the case where 7 =0:

. lmo _lm 1 Ta
VIO = o T {,Tfmf(umdt Toroo T _ff (1) dt

and  W(O)= J wi(fdf
o

fim 1 2 .
thus Toee T {’Tf mdt-_g w (I} df

Both of these integrals are measures of the power involved in the process,
one in terms of the process time function, F {t}, and the other in tarms of a
frequency function, w {f}. Because of the squaring invelved in the above
time function description, w {f} has besn designated as the mean square
spectral density function (or power spectral density function}.

Analytically, it Is sometimes more convenient to start an investigation by
studying the autacorrelation function assoclated with the prabfern and then,
by means of the above relation, calculute the mean square spectral density
function, On the other hand, experimantally it is generally easier to measura
the mean square spectral density function directly by means of analog
frequency onalyzers as explained in the following.

An ideal analog frequency analyzer will allow only that part of the signal
to be measured which has frequency compenents within a narrew fraquency
band, Af, see Fig.2.12. Assuming that no attenuation or amplification of

L]

et ¥,

Fig.2.12.  Determination of the mean square spectral density by means of
Ideal filters
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these frequency components takes place in the analyzer the signal which is
passed onto Its indicating arrangement is:

o [+ af i
{w(f)dfu ! w(f)dfnTI_'_TwJT—_ngM(let

Here f,¢ (th Is the above mentioned part of the complete signal, f(t),
which has frequency compenents within A £ if nowA f is made so small
that w{f} can be considered eonstant within this frequency range then

f+Af
{ wif) df sw (f) Af
thus, in the limiting case when & f =* 0, one obtains:

Lo lim o lim 1 ,
Wi = Atsp Tom BFT {,T Par (0t

This equation forms the basis of mast analoeg experimental techniques
used in the mean square spectral density analysis of random signals,

Beforn closing the discussion on methods used to describe and analyse
random vibration phenomena same important “practical® facts should be
pointed out:

Returning to the equation

lim __1_ 2 - T
B %T s [ wisar
it can be seen that the exprression on the left hand side of this equation has a
certain resemblance to the square of the exprossion previously used to
define the RMS.value of a periodic vibration signal {section 2.1). Actually if
the limiting operation is carried out the expressions wouid be Identical, This
means that the description of a complex signal in terms of jts overall
RMS-vafue s equally meaningful whether the signal has a periodic or a
random character. (A further discussion of this statement In terms of
statistical quantities is carried out in Appendix A).

When it comes to spectral description, however, 2 periodic signal may
well be described in terms of the RMS-values of its various frequency com-
ponents (its frequency spectrum), while randam vibration signals are best
described In terms of mean square spectral density functions. This is due to
tha fact that random signals produce continuous frequency spectra and the
RAMS-value measured within a certain frequency band will therofore depend
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upon the width of the band, The detailed measurement evaluation
techniquas will, In view of the above normaily also differ, a fact which is
more specially discussed in Chapter 4 of this book and in a separate
publication*).

2.3. Translant Phenomena and Shocks

Tronsient phenomena and mechanical shocks are, like random vibrations
encountered relatively often in daiiy life, They may originate from such
widely different reteases of energy as rough handling of equipment,
axplosions and supersonic motion, However, common for this type of
energy ralease Is its short duration and sudden eccurrenca,

A simplo shock may be defined 8s a transmissian of kinetic engrgy 10 8
system which takes place in a relatively short time compared with the
natural period of osciffation of the system, while transient phenomena (also
termed complex shocks) may last for several periods of vibration of the
system, ‘

Shocks and transient vibrations may be described in torms of foree,
aceeleration, velocity or displacement and for a complete description it is
necessary to obtain an exact time history record of the quantity in question,

In many cases the uitimate goal is not the waveform ftseif, but rather a
means to estimate the effect that the corresponding shoek or transient
vibration would have on a certaln meghanical system. A more useful method
of description might than again be found in the farm of Fourler amlysis, If
the time function for a shock is F (t) then its Fourier transferm is given by:

Fif) = [ Flthe-lwtdr

The analogy betwsen this expression and tha mean squore spoctral
density function for stationary random vibrations {scction 2.2) is readily
seon, There is, however, a very distinct difference in that the mean square
spectral density function for stationary random vibrations is the Fourier
transform of an already time-averaged, oven function, the autocorrelation
funetion, in tho above Fourier integral for shock {impuise} function no

*} "Application of the B & K Equipment to Frequency Analysis and Power Spectral
Density Measuremants”, Brilel & Kizer, Natrem, Denmark.
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Fig.2.13. Example of shock time functions and their Fourier transform

fspoctra)

a} A rectangufar shock pulse
b) A final peak sawtaoth shock pulse

c) A halfsine shock pulse

time-avaraging Is involved, which, to

a certaln extent, complicates the meas-

urement technique necessary to evaluate the integral, This is further
discussed in Chapter & of this book, Mathematically, on the other hand,
these difficulties do not exist and in Fig.2.13 various shock tims functions
and their Fourjer spectra are given, [t is seen from the figure that in general
a shock pulse contains energy spread over all frequencies from zero to
infinity, and that tha spectra are continuous with no discrete frequency

components.

In the expressions for F (f} given

in the figure all the expressions within

the parallel brackets approach unity as f goes to zero, so that at very low
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Function

frequencies the magnitude of the spectrum component is equal to the area
{amplitude-time Integral} of the shock pulse, irrespective of the pulse shape.
This fundamental relationship Is of considersble practical importance, for
example in shock testing, It means that so long as the shock pulse is short
compared with the natura) period of the mechanical system on which it
acts, the severity of the shock is determined by the area of the shock pulse
alone (see also Fig.3.12.b 11},

In the case of transient phenomena the situation Is somewhat different,
Such phenomena, in the sense used in this book mny consist either of a
single period "shock-wave”, or of an oscillating transient. The Fourier
spectrum function of an oscillating transient is shown in Fig.2.14 above and
itis seen that the magnitude of the spectrum components in this special case
tends towards zero a5 the frequency f = %qnes to zero, Also, a maximum
magnitude of the spectrum is reached around f, =%"-:;whcre f, corresponds

roughly to the frequency of oscillation of the translant. This maximum is
broadar the quicker the transient phenomenon ceases.

If the "transient” does not ceass at all, i.e. when the “transient” is no
longer a transient but a periodic phenomenon [in this case an harmonic
vibration), the frequency spectrum degenerates into a discrete spectral line

PR w,
{infinitely narrow maximum at f;, =—2—%J.

2.4, Non-Stationary Random Vibration

Theoretically all kinds of random vibrations encountered in practice are
non-stationary because their statistical properties vary with time, Howevar,
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Fig.2.15.  Hustration of an ensemble of random functions

fram an engineering polnt of view this variation in statistical properties may
be so slow, or of such a characier, that many of the phenomena studied can
be considered staticnary in a practical sense,

Non-stationary random vibrations may therefore, in practice, be defined
as random vibrations whose statistical properties vary with time within time
intervals considered essential for their proper dascription, To analyze and
describe such vibration data jt is thus necessary to take their variation in
statistical praperties with time Into account, A typical example of seriously
non-stationary random vibrations is the vibrations induced in space vehicles
during launch and re-entry.

Ta theoretically analyze non-stationary random vibrations properly it s
necessary to introduce the concept of ensemble averaging. An ensemble
average is an average taken over a large number {an ensemble} of repeated
axperimants, see Fig.2.15, As can be seen from the figure an ensemble
average can bo taken at any particular instant of time ty, 15, tg etc., and
when the average values are plotted against time a more or less complete
description of the vibration is obtained, There are, an the other hand,
sevaral reasons why this method of description is not very useful in practice.
Firstly, it requires that the non-statiopary process can be repeated a very
larpe number of timmes. In the case of space vehicle launch and re-entry for
instance this is not possible due to the cost of such experiments, Secondly,
the amount of data necessary for a thorough description is so large that
their proper measurement will posa serious probiems,
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Fig.2.16. Examples of some basic types of nanstationary random vibra-
tions
a} Time-varying mean value
b) Time-varying mean square value
¢} Time-varying mean and mean square value

It is therefera normally necessary to seek other methocls of description,
and in general some sort of time averaging is used, Thera are, howaver,
certain limitations Imposed upon this kind of time averaging In that the
response and averaging time of the measurement equipment employed
should preferably be small refative to important time trends in the non-
stationary data. This again may lead to considerable statistical uncertainties
In the measurements, see also Chapter 4, section 4.4,

Fig.2.16 illustrates some basic and important types of non-stationary
random vibrations,
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3, RESPONSE QF MECHANICAL SYSTEMS TQ
VIBRAT!IONS AND SHOCKS

3.1. Rerponse of Linear Mechanics! Systems to Vibrations. Resonance

The maotion of a mechanical system subjected to external forces is com-
moniy termed the response of the system to the particutar forces in
guestion. Similarly, the external forces acting upon the system are termed
the exciting farces, or simply the excitation, These terms are gensral and
have to be specified closer when the behaviour of a particular system is
beirg investigated.

To aid such specifications It is normally necessary to construct a some-
what simplified mechanical model and, on the basls of the madel to
formuiate the equations of motion for the system, This model can then be
used as a basis for a further anolysis,

Fig.3. 1. Modeis of a single degree-of-freedom system
a}) Systern in free vibrations
b} System in farced vibrations

Dne of the simplost models of a vibrating system is shown in Fig.3.1a),
and consists of a mass, a spring and a damper. |f the system behaves linearly
{and time-invariant) the equation of motion of the mass is {no external
force applied):

dex dx
-_ —_— =
m el +c at kx=10
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This system s called a single degrea-of-freedom system in that it consists
of one mass only, which moves along one axis only and its motion can thus
ba deseribed by a single second arder differential equation,

By applying an external force f {t) to the system as indicated in Fig.3.1b)
tha equation of matian hecomes:

d?x dx
mgz g +kx = ft)

The solution of this equation gives directly the displacement response,
x {t}, of the mass, m, produced by the excitation, f {t), Other response
quantities such as the velocity response or the acceleration response can be
found from the well known relationships between the displacement,
velocity and acceleration (see also Appendix B);

dx __d2x
vit) = @ and aft) = )

whers v {t) = velocity and # {t} = acceleration of the mass, m, Fig,3.1b}.

The force f (t), con have any dependency on time, and as long as the
motion of the mass can be deseribed by a linear differential equation of the

" type given above, it Is, In principle, possible to obtaln exact solutions far

x(t), v {t) and a {t}. A very powerful tool In obtaining the required solutions
is the superposition principle, which is applicable to linear differential
equations, It states that the effect of simultaneously super-imposed actions
s equal to the sum of the effects of each Individual action,

Utitization of this principle can be made for Instance by cansidering the
function f {t) as consisting of an infinite number of impulses, each with an
infinitesimal width, A7, and a height f (7} and superimposing the responses
produced by the action of each of these impulses, see Fig.3.2.

Mathamatically this opplication of the superposition principle can be
written:

x(th = ,}' fityh{t—7)dr

whare h {t — T} Is the response of the system, (Fig.3.1,} at the time t to a
unit impulse excitation acting at time 7. A unit impulse excitation is
characterlzed by n force which is zero except at t = 7 whare It is infinite and
encloses unit area:

im & sty dr =1

€0
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Fig.3.2. Niustration of the concepts involved in time domain superposition

Another method of utilizing the superposition principle Is to determine
the Fourler transform f {w} of f {t} and study the response of the system to
oach Fourier component separately, The impulse response functionh {t — 1)
defined above, then transforms into a complex frequency respoanse function,
H {co) and x (t) is obtained In torms of its Fourier transfarm, X {wh:

X{w) = [ xie=lwtde= T emiovdt f1ir1nit—1) dr
= Tt [ emiwtt=r) (1) gt 1) dr
By selting t — 7 = £ and expanding the regions of integration remember-
ing that h (t = 7} = 0 when 1 >t X {w) can be written:
X{w) = [ dr [ e-lwé nip el §(r) dt
= [ higralweag T fin e-lwr dr

Thus;
X{w) = Hiw}fiw)
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The complax frequency response function H {w) of the system shown in
Fin.3,1 Is found simply by solving the equation of motion far an arbitrary
Fourier component, F, el ?:

d2x dx

—_— —— = [7i14
M7 teg kK Fg o

w = 2nf = anguiar frequency,

At this paint the physical meaning of the complex frequency response
funetion should be stated, A complex frequency respanse function means a
response function which gives information on both the absolute value of the
response quantity and the phase lag between the response and the
excitation. The general solution 1o the above equation is:

X(ew) = Hlw)F,elw?
Here
1/m
wy? - w? +i-%llw

Hiw) =

w, = Fthﬂ angular resanant frequency of the mechanical system and
0=-:-J km is a measurs of the system's damping. Q is normally called the

|
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Fig3.3 Example of a resonance curve with indication of the half power
points

(H (! = J172 |H (e3,2 = 0.707 |H (ua,)(]
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quality factor of the system and the larger the value of Q the smaller is the
damping. For a completely undamped system Q =% whils for a critically
damped system Q= 1/2, An approximate measure of (1 s obtained in
practice by measuring the width of the response curve, [H ()], at the half
power points, see Fig.3.3,

The half power points are the points on the curve where
H )R = IH () 2
If this width is Aw then
e —2a
C-Fe

For Q-values larger than 5, the etror inherent in the approximation is
smaller than some 3% (actually, even when Q is as low as 2 the error Is of
the arder of 10%, sec also Fig.3.4. Because of its direct relationship to the
damping the factor Q has become a very important quantity in the descrip-
tion of single degree-of-freedom linear systems.

The phase lag between the response and the excitation Is given by the
oxpression:

and this function is pfotted In Fig.3.4b} {or various values of Q.
e

!
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ﬂl b) LlariF)
Fig.3.4, Examples of complex frequency response functions
a} Madulus fabsolute value of the response)
b} Phase lag between response and excitation corresponding te a)
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A number of interesting facts can be seen from these curves,

Firstly, in the case of no damping (Q =9 the response and the excita-
tion are /n phase (@ = 0) below resonance, while sbove resonance they are
180° out of phasu, Because Q= ®° the change in phase takes place in the
form of a discontinuous Jump,

Secondly, when Q ¥ o2, j.e, daomping is introduced in the system, the
change In phoso between response and excitation tends to take place
gradually, and the larger the damping {the smatler Q) the slower is the phase
changs with frequency around resenance,

Thirdly, independent of the magnitude of the damping, the phase lag
between the response and the excitation at resonance is 90°,

If the system being studied consists of several masses Interconnected with
spring and damper elements the approximate measure of Q stated above
cannot be utilized unless the coupling batween the different masses is so
small that a unidirectional motion of one mass does not influence the
motion of any of the others {or vice versa),

In general, however, some coupling always exists, even though It might,
under certain circumstances be neglected in practice. Systems in which a
single mass maoves in more than one direction or systems which consist of
several, elastically interconnected masses, are commonly termed multi-
degree-of-freedom systems. A linear multi-degree-of-freedom system con be
mathematically described by a set of coupied second-order linear differen-
tial equations and when the frequsncy response curve of the system is
plotted it will normally show one resonance “penk” per degree-of-frecdom.
Thus a two degrec-of-freedom system shows two resonance peaks, a three
degree-of-freedom system shows three resonance peaks, etc., sea Fig.3.5,

=

///////I/IZ/A !l' rmlw:um

Fig.3.5. Example of a multi degree-of-fregdom system (three degrees-of-
freedom) and its frequency response function
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3.2. Some Rosponse Prupuﬂies of Non-linear Systems

In the previous section {and in Appendix B) some important rasponse
characteristies of linear systems have been discussed, in particular their so-
called frequency response functions. These functlons can be derived
mathematically from the linear differential equation of motion for the
system. In the case of a single degree of freedom system this equation was
given as

d?x dx
X e & =
a2 et kx =1 (t)

whare m, ¢ and k were considered constants, independent of x and t, This
requirement is not always fulfitled in practice and the above equation may
take the form:

2
%;%‘-4»5 {-z—:)-i-F(x)Hf(ﬂ

where
m = massof the vibrating system
g (2—:) = velocity dependent “"damping” term
F{x} = displacement depandent “stiffnass” torm
flt} = forcing function (ses Fig.3,1).

Because this differential equation is no longer linear the principle of
superposition cannot be applied and the derivations outlined in section 3.1
are therefore no longer valid. In prineiple each particular non-linear vibra-
tion problem has 1o be solved on its own, However, certain general proper-
ties which are of considerable practical interest may be discussed without
actually solving the equation,

Consider for instance the case where only tha “stiffness”-term is non-
[lnear, The motion of the mass m Is then governed by the equation;
d?x dx
acx L I =
m e +c dt Fixk=f(t)

By comparing this equation with the one governing linear motion it s
seen that the stiffness constant k in the linear equation is no longer constant
but depends upon the vibration amplitude x in that k x has been substituted
by F(x). As the angular resonant frequency of the linear system Is given by
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an obvious conclusion would be that the resonant frequency of the non-
linear system wiil now depend upon the vibration amplituda {x), That this
really Is the case can be confirmed both theoretically and experimentally,
On the other hand, to obtain the exact relationship tha non-linear differen-
tial equation has to be rigorously solved,

Fig.3,6 shows some examples of the possible dependency of F {x) upon
%. If the spring becomes “stiffer” by deflection it is normally termed a
"hardening’ spring while if it becomes less stiff by deflection it is termed a
""softening” spring.

[T
-

ytamr v

P

Fig.3.6. Force vs. displacement choracteristics for some symmetrical spring
arrangements:
al Hardening type spring
b} Softening type spring

In tha case of a "hardening” spring k will Ineraase with vibration ampli-
tude thus causing the resonance to move towards higher frequencies. Con-
versely, it k docreases with increasing vibration amplitude the resonance will
move towards lower frequencies, Fig.3.7 illustrates how the resonance curve
depends upan the spring characteristics and the vibration amplituda,

it Iz seen from the figure that resonance systems containing non-finear
stiffness show a bend in thelr resonance curves, This bend Is, of course, only
theoretical as the vibrating system cannot "force™ the frequency of the
driving force. |n actual physical systems tho bend therefore produces a
reglon of instability as indicated in Fig.3.8, When the frequency response
curve of such a system is measured by slowly sweeping the frequency of the
driving force past resonance, cartain Jumps in the respense amplitude occur,
the frequency location of the jump being dependent both upon the magni-
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v b q o
Fig.3.7. Typical resonance curves for varfous lavels of excitation for:
a) A hardening spring ty pe resonant systern
b} A finear résonant system
cJ A softening spring type resonant system

-
L

Fig.3.8. Theoretical frequency response curve for a hardening spring type
resonant system. The hatched areas indicate the region of in-
stabitity

tude of the driving force and upon the direction of the frequency sweep,
Actual curves obtained from analog medel studies are shown in Fig. 3,9,

A further propurty of non-linear systems is that they distort the wave-
shape of the response signal, i.e, even if the force driving the system Is
purely sinusoidal the wave-shape of the response will not be sinusoidal, see
also Appendix C, Normally the response wave-shapae will contaln a numhber
of frequency components harmonically related to the frequency of the
driving force, This can be confirmed mathematically for instance, by
approximating the solution to the non-linear differential equation by means
of a serfes exponsien, and experimentally by analyzing the responsa wave-
shape by means of an analog frequency analyzer,

Under certain circumstances (very low dampingl a very special
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Fig.3.9. Frequency response curwes for a hardening spring type resonant
system. The curves were measured for various levels of excitation
of an analog model system

phenomenon occurs in nonlingar resonance systems of the type doscribod
above, This is the phenomenon of subharmenics, A subharmonic is a
responsa vibration occurring at 1/2, 1/3, 1/4, 1/5 ote, of the frequency of the
driving force, A physical explanation for the occurrence of subharmonics
may be given in that the driving force supplies energy to one of the
harmonics of the non:linear system and when energy Is supplied it will start
to osciflate. The higher harmonic then pulls all the other harmonics with it,
as the specifically excited harmonic is an integral part of the whole motion,

While the occurrence of subharmonics in practice is relatively rare,
“ordinary” harmonies (somotimes called superharmanics) are present to a
greater or lesser extent in all non-linear systems. Even if their amplitude
values are rather small they may play an important role when the vibration
of complex (multi-degree-of-freedom} mechanical systems are considered.
An example readily illustrates this statement:

Consider for instance the case where a non-linear spring element in a
multi-degree-of-freedom system produces a third harmonic of the order of
1%. If the fraquency of this harmanic by chance coineides with the resonant
frequency of another resonanece in the system which happens to have a
resonance amplification factor Q =100 this specific resonance will respond
with the same amplitude as the actually excited resapance even though its
frequency did not exist in the wave-shape of the driving forcel
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Finally®}, if the non-linearity Is velocity-dependent oniy, ie. the
equation of motion for the system can be written:

d2x dx _
m- gz TR +kx = f {1}

a somewhat different situation exists,

Also In this case the production of harmonics varies with frequency and
excitation level, but the resonant frequenay itself remains practically con-
stant. A special case occurs when the damping is negative, In that in this case
the system osciilates, Examples of systems where these kinds of self-
sustained osclllations may take place are the flutter of acroplane wings,
oscillations in electrical transmission lines due to the actiop of the wind and
somae cases of Coulomb friction, One of the most disastrous cases of damage
caused by self-sustained oscillations is the failure of the Tacoma Bridge in
1840,

3.3. Rotational snd Torsional Vibrations

In the previous sections of this Chapter the vibration responses con-
sidared have been of the so-called transiational type, i.e, the vibrating masses
have heen oscillating rectilinearly along one {or more) axis anly.

Another type of motion occurs when a body is forced to vibrate around
one {or more) axis, such as s often the case for instance in rotating
machinary or unsymmetrically loaded machine foundations, The simplest
form of rotatienal vibrations may be that of torsional vibrations in a shaft,
seg Fig.3.10a). Assuming that the inertia of the shaft itself is negligible
compared with the inertia of the mass, m, and that the elastic behaviour of
the mass can be neglected in comparison with the rorsional clasticity of the
shaft, the equation of free rotational motion for the system can be written:

M2 de L
i Tz Yo dt+k w=0
Hera I is the moment of inertia of the mass around its center of rotation,
l.e, laround the shafi), v is the angle of motien, ¢' is a damping constant
and k' is the angular stiffness of the shait, which depends upen the
modulus of alasticity in shear and of the physical shaft configuration.

*} The cose of non-linear massos in resonating Systems hova, to tho authors knowledge,
not seormud to be of any great interest in practice ond fs therefore not treatod in this

text,
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Fig.3.10. Examples of torsional vibration
a} Froe vibration
b} Forced vibration

It can be seen that the differential equation governing the angular motion
of the mass in Fig.3.10 has a compigtely analogous form to that governing
rectilinear motion and which was given in section 3,1, This means that
axactly the same mathematical treatment as discussed in section 3.1 can be
applied to the rotational vibrations of the kind described above. The only
differances are that the mass In section 3.1 must be substituted by the
moment of inertia, and tha (rectilinear) displacement, x, by the angle . If
oxtarnal forces are applied to the system their effects on the rotationai
motion are measured by the torgue, M, that they produce Fig.3,10b). The
corresponding equation of motion Is:

2
:—?—‘;t +e '-S-rl-i»k' c@aM=F- ¢

1= [P dm _!_v ‘\‘
woR i'": F Fagce_equatlont;
; H
! ,:.__q_-i!.\g"‘____i_ﬂ'_ —_— m:—[;-—k.:-au..,, 16,
4 Center x .
of graviry m:;";r_ . -k' - F'
4 . L .
= Tarqye, equation;
= [
= | -t :’:‘ :"w 1_::.?;. N R P
e

e
Fig.311.  Model of an unsymmetrically loaded foundation, and the cor-
responding equations of motion
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Thus, rotational mations are governed by torque equations, while recti-
linear matlons are gover~.d by force equations.

A second example of rotational motion is, as mentioned above, that of
an unsymmetrically loaded foundation, This case is illustrated in Fig.3.11,
and plays an important role in the vibration and shock isclation of machines
and equipment, sea also Chapter 7, section 7.1,

- 3,4, Rosponse of Mechanical Systems to Stationary Random Vibrations

In section 3.1 it was shown that the response of any linear system to a
prescribed excitation can be determined from a knowledge of the system's
impulse response function or its eomplex frequency response function, If
now the excitation consists of 8 Gaussian randam process characterized by
means of its auto-correlation function (or, what may be more common in
practice, by means of its mean square spectral density function} what would
the relationship betwaen the excitation and the response then be?

Starting with the auto-correlation function representation of the
response this can be formulated in terms of the system's impulse response
function:

x(Whxlt+7) = Jft=rq)hiryldr, [ flt+7—rplh (ry)dr,

= [Jtit—r 1{t+ 11 hry) A (ry) dr, iy

{The formulation of the impulse respomse function is here slightly
different from the ona utilized previously, However, by studying Fig.3.2
and the connected mathematics it is eosily seen that the two formulations
are equivalent), As the auta-carrelation functien is by definition:

lim 1

W, 1} = TowT x (thx(t+7)dt

T"j:m-;_g [:['Zf(t—'q) ft+7—7g) h{ry) h (r) dry drp]dt
then
v, It = ff Yrlr 7y —79) hiT(} hirg) drydrg

which can bo seen by setting f (t+ 7 ~7g) = f{t =7y 47 =75 +7y)
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where T — 7o+ 7y represents time lag in the multiplication process used to
obtain the auto-correlation function for the excitation. The response mean
square spectral density function s found hy taking the Fourier transform of

Py (1)
wy ) =y, tn) o-lerar
ar what Is the same:

W (@) = T wy tr) amhotrrry—rad eluary g=lurz gr

and inserting the formula given above for 1, {7} into this expression:

wy (w) =[fh {ry) ewi dr, fn {r3) o172 dry | wy (e0)
as wy {wl = f Wy lr 7y =y emlwirtri—ral gp

thus:  w, (@) = H® (ea) H {w) wy jwh = {H (e} wy (w)

whers H* {cw} is the complex conjugate of H (wh, This result is one of the
most important anes in the theory of random processes and states that the
response mean square spectral density of a ifnear system at any frequency is
equal to the excitation mean square spectral density times the square of the
complex frequency response function at that frequency, That a relationshlp

of this kind was to be expected is also intuitively felt by considering the .

meaning of the mean square spectral density fuhction and the relationship
found in section 3,1 batwaen the excitation and the response in terms of the
compiex frequency response function, H (e,

The responsa mean square spectral density function may, from a meas-
urement point of view, be considered either as a frequency spectrism or as a
system response funetion depending upon the problem at hand,

If the systern being cansidered is non-linear the relationships stated above
do, of couyse, no longer hold as these relationships were built on the gonera!
superposition principle which is only valid for linear systems whose motion
is governed by linear differential equations, The mean square spectral
density function for the response is therefore no langer a unique function
but changes with excitation lavel. Also the probability density function for
instantaneous response amplitudes is no fonger Gausslan and in general »
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vast amount of data.is necessary to characterize the response of such
systems to Gaussian random excitatiens.

If the non-linearity is situated in the stiffness element of the system
cansidered, it Is possible in same tmpertant cases to formulate and solve
axactly the stochastic equations describving the probabliity density functions
of the response. In general, howaver, some sort of lincarizatien technigue
has to be used in a theoratical treatment. A considerable amount of
thearetical and experimental work has heen laid down in this area In the
past dacada or so and Interested readers are roferred to the literature listed
at the end of this chapter for further studies,

3.6. Shock Response and Shock Spectra

In section 2.3 a shock was defined as a transmission of kinetic energy to
a system, the transition taking place in a refatively short time compared
with the natural period of oscillation of the system, A rectangular shock
pulse may therafore constitute one or two shocks depending upon the
natural period of oscillation of the system influenced by it and the duration
of the pulsa, This is iltustrated in Fig.3,12 | and 11}, and it should be noted
that the maximum system response may in the case of Fig 3,121 reach a
value which is twice the magnitude of tha shock pulse,

A coneept which has proved to be of considerable value with respect to
the comparison of sheck motions, to the dosign of equipment to withstand
shacks, and to the formulation of laboratory tests a5 a means to simulate

Matlon of mats

A/AMmion al base
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Ao .

J._—. Mass U Y4 ;
/Mn1|nn al bawe

n Y -Mution af mass

7 f\ el —
//’/ \-/ Jll.‘N’l
al b}
Fig.d. 12  Response of a single degree-af-freedom system to shock excitas

tion
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envirenmentat conditions is the shock response spectrum, or briefly the
shock spectrum {Note: This is not to be confused with the Fourier spectrum
of the foreing sheck pulsel ). The shock spectrum is ebtnined by letting the
shock pulse in quostion be applied to a linear, undamped single degree-of-
freedom system and plotting for example the moximum response of the
system as a function of the system's natural frequency.

Various types of shack spectra are used depending upon the intanded
application of the information obtained, These may be the initial shock
spectrum which is obtained from the maximum response while the shock
pulse is still acting, or the residual shaock spectrum which is obtained from
the maximum response after the pulse has occurred,

Gther definitions may be the overall o maximax spectrum which is
plotted on the basis of the maximum respoense withaout regard to time, and
the overall negative maximum shock spectrum which is obtained by con-
sidering the maximum responso of the singls degree-of-freedom system In
the negative direction.

In practical mensurement systems the requirement of zere damping in
the responding single degree-of-freedom system may be difficult to achieve,
However, for refatively small amounts of damping the shack spectra will not
be essontlally different from the spectra obtained with no damping, since
the response for the first fow cycles will be virtually identical, The response
of an undamped single degreeof-freedom system to a shock pulse can be
calculated relatively easily for simple shock wava lorms, using for examplo

sin

A il
708 e —
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oatf!

] ' ] ) \
* T r i

Fig.3.13.  Shock spectra for a rectangular shock pulse
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Laplace transform methods, Figs, 3,13, 3,14 and 3.15 illustrate shock
spectra obtained for a rectangular, sawtooth and halfsine shock pulse of
duration T, The maximax shock spectra are found simply by taking the
highest of the two spectrum values at any frequency,

It may be worth whila in connaction with the discussion of shock spactra
to point out an interesting fact, namely that the Fourier spectrum of the
shock pulse and the undamped residual shock spectrum are related by the

formula:
S{f) = 2uf|F{f}

where S {f) designates the residual shack spectrum and F (f} is the Fourler
spactrum of the shock {see also Appendix D),
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Fig.3.14.  Shock spectra for a final peak sawtooth shock pulse
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Fig3.15, Shock spectra for a halfsine shock pulse
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3.6. Vibrations in Structures, Mechanical Waves

The mechanical systems considered in the preceding text have been of
the so.called ideallzed fumped parameter type, i.e. masses have been
assumed ta be rigid bodies where all paints within the body move in phase,
and elastic elements have been assumed to have no mass, [n practice all
masses have a certain clastieity and all spring elements have masses. For
Instance a beam or a plate Is a continuvous combination of masses and
springs.

As the number of degrees-of-freedom of a mechanical system was defined
as the number of elastic movemants of masses (resorances, see section 3.1}
it follows that structures like beams and plates have an infinite number of
degrees-of-freedom. The infinite number of “'resonances’ resulting from the
tnfinite number of degrees-of-freedom are in the case of structures normally
termed “natural modes*, or simply “modes”,

Whila in lumped parameter systems all points within a mass are suppesed
to move in phase, this Js no lopger true for structures, A simple example
fllustrates this clearly: In Fig.3,16 the vibration of a beam clamped at one
end and acted upon by an oscitlating force in the other is shown, When the
frequancy of the pselllating force coincides with ona of the beam’s modes,
the vibration pattern of the beam forms a *'standing wave™, as shown in the
figure, It is readily seen that tha points within the beam at the place marked
x4y here muve In opposite phase with rospect to the points at the place
marked X, One of the malor differences between tha motion of a lumped
perameter system and a structure [$ thus that In the case of structures each
rasonance is assoclated with a mode shape,

Beam {E, [, o}
<

Cheillating foree, Fir

PEERINY
- _i « el
Angular fronuency of Ptk w « 224 45| ==

Sharkling wave nae

Fig.3.16.  Hlustration of the resporise of 3 beam to an oscillating force the
frequency of which coincides with one of the beam’s natural
vibration modes
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To doscribe for Instance the motion of the beam in Fig.3.16 it is there-
fore not enough to describe the instantaneous vibration amplitude |, z, as a
function of t {time) only, It must also be described as a function of space
coordinates, in this case x, Le. 2 =1 (x; 1],

In deriving the differential equation governing this motian it is necessary
to apply partial differentials and the equation becomes a partial differential
equation, Similarly the equation of mation for a plate, Fig.3,17 will he of
the typm 2 = f {x; yi t).

E T

Fig.3.17. Shapes of a few of the normal modes of vibration of a circular
plate clamped at its edge. (After Morse)

The examples shown in Fig.3.16 and 3,17 illustrate transverse vibrations.
Also compressional and torsional vibrations may be excited in structures,
Fig.3,18, and a combination of all three types of vibratians may take place.
The vibrations In structures may therefore be exceedingly complex and
exact solutions to the differential equations of motion exist only for a few
types of simple structures and load configurations.

A more comprehensive theoretical treatment of structural vibrations is
autside the scope of this book, but can be found in many excellent text-
books on the subject {ses also the bibliography at the end of the Chapter),
it has besn deemed approprinte, however, to illustrate some typical mode
shapos far transverse vibrations of simple beams and plates.
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Fig.3.18.  lfustration of compressional and torsional vibrations of a beam
a} Compressional vibration
b) Torsional vibration

From the theory of bending of beams and Newton's second law of
motion the differential equation governing the frea transverse vibrations of a
beam can be found:

) 2 a2
psx-—§+5‘lz—(slma =0

whera: p = Mass density of the beam matarial
§ = Cross-sectional area of the beam
g = Acceleration of gravity
E = Modulus of elasticity {Young's Modulus)
| =

Mament of inertia of the cross-section

This is a fourth-order partial differential equation the solution of which
depends upon the boundary conditions, i.e, the way in which the beom is
fastened, Fig.3,19 shows some examples of boundary conditions and cor-
rasponding mode shapes for the first four patural vibration modes,

The infinite number of degrees-of-freedom mentioned above manifast
themselves by the fact that there is an infinite number of higher natural
vibration medes. In geneval, however, only a few of the lower ntodes seem
to be of great practical interest,

In the case of free transverse vibrations of plates the equation of motion
is again a fourth-order partial diffarential equation, still more complicated
to solve than the one governing the vibration of beams:

Bz 2%z E]"z 2p 01 = u?) 8%
Fra *2 Bx2 oye av4 + Ehig FIc
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Fig.3.19.  Examples of boundary conditions and mode-shapes for various

whara h Is the thickness of the plate and 4 is Polsson’s ratic (about 0.3 for
most enginearing materials),

Fl9.3.17 illustrates the shapes of some of the first normal modes of a
circular plate ¢clamped at its edges, while examples of modal lines of squars
plates with various edgs conditions are shown in Fig.3.20. Note from
Fig.3.19 and 3.20 that the frequencies of the normal modes in structural

single uniform beam configurations

members are in general not harmonically related.

There are, however , other types of vibrations in structures which are, at
least to a first approximation, harmonically related. These are compressional

{longitudinal) vibrations, and in certain cases also torsional vibrations,

In setting up the equation of motion for compressional vibrations In a
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Fig.3.20. Examples of modal lina configurations for square plates under
various edge canditions, {After D.Young)

beam, Flg.3.21, it Is noted that the result is a second order partial
differential squation of the type;

a2 a2

L N O, ., de,, M3
L] - de LRt "y .ED:' I Ehﬂ
= ; a P
Beain - {0, 4 221 gy da, .y
e x L]
1
| | | Wy g M
- Alspt duy = dm FY i “du Y
2 a? a? 2
Thus 2% dx =S ux ‘,!; L e Mg
in q A aa¥ Eg ot .

Fin.2.21. Sketch showing the derivation of the equation of motion for
rcompressional {longitudinal) vibrations in a beam
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This equation has the same form as the so-called wave-equation which
governs varfous kinds of wave phenomena in theoretical physics, Com-
pressional vibrations are therefore also often referred to as mechanical waves
with a wave velocity {v) of:

e,
vZ Eg'

Eg
0

The maln reason for the inclusion of this brief section on structural

vibrations irt the book has been to illustrate that the actual vibrations meas-
ured on a complicated construction may be widely different from peint to
point even if the measuring points cansidered are situated a retatively short
distance apart from each other. Also, the direction in space of the vibrations
may vary and for thorough investigations it is therefore necessary to
muasure the vibrations both as a function of frequency and as a function of
space coordinates at each measuring point.
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4, EFFECTS OF VIBRATIONS AND SHOCK ON
MECHANICAL SYSTEMS AND MAN

4.1, Dﬁmnnlng Effects of Vibrations, Mechanienl Fatigue,

Even though meshanieal failure due to material fatigue is by far the most
commonly known deteriorating effect of vibrations, a vibrating mechanical
construction may fail In practice for other reasons as well, Failure may, for
instance, be caused by the occurrence of one, or a few, excessive vibration
amplitudes (brittle materials, contact-failures in relays and switches,
collisions batween two vibrating systems etc.}, — or by the fact that a
certain vibration amplitude value is exceeded in tao great a fraction of time,

However, the importance of mechanical fatiguing effects has initiated a
consideralle amount of research and testing around the warld, It has there-
fore been desmed appropriate to include a section hera which deals with
this particular topic.

The fatigue phenomenan is today deemed to originate from lecal vield in
the material or, in ather wards, from a sliding of atomic fayers. This sliding
is eaused by a combinatlon of so-called “dislocations™ (irregularities in the
crystalline structure of the material) and lacal stress concentrations, It s
now assumed that cach slip, ne matter how small, is cannected with a small
teterioration of the material, independent of the direction of the slip, The
deterioration stops only when the slip stops. Some definite proof for this
tiypothesis has, to the author's knowledpe, not been established as yet
{1971}, It gives, howover, a logical and reasonahle explaonation for the
fermation of the microscopic “slip bands” which Is the first visible sign of
material fatigue,

When slip bands have been formed they are, under continuous vibration
loading, observed to progress and form minute cracks which eventually join
together and produce major cracks. As soon as a crack has reached a certain
size it will propagate through the material according to a mathematical law
of the form: :

ax

—a—ﬁ-=c0rm X"
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where % = crack length
N = number of stress reversals
¢, m, n = constants dependent upon the material properties
{a reasonable assurmption scems in many cases to be
m=2,n=1t}
e, = relative strain !
Finally the crack will become so |arge that the stress In the remaining
material bocomes too great, whereby the crack propagation becomes un-
stable, and fatigue failure ogeurs,

Even though It is possible to describe o certain part of the fatiguing
process by means of a relatively simple mathematical expression {see
formula above) both the formation of “slip bands" and the final crack
Instability stages are of a highly statistical nature, Taken s a whaole, there-
fore, fatigue failures must he regarded as statistical phenomena,

The statistical nature of the phenomenon manifests itself as a consider-
able spread in the results of fatigue experiments, As an example of the result
of such experiments Fig.4.1 shows a histogram made from investigations on
the fatlgue |ife of notched aluminium specimens, The results shown werp
obtained from tests at a single vibration stress levol,

By making similar tests at a number of vibration stress levels, a curve,
commonly termed the S-N curve (Wohler-Kurve) can be obtained, which
shows the relationship between the average number of stress reversals to
failure and the vibration stress level,

Nistogram 745 ecmneie
M Lotk inieh = DT 10w H
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=
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s

Fig.4.1. Typical histogram obtained from fatigue experiments (after
Bloomer and Roylance)
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Fig.4.2. Fatigue strengeh curves for notched 4340 steel (from Metals Hand.-
book}

The actual SN curve for 8 material does not only depend upon the
vibrational effects, but is affected also by factors such as temperature,
atinaspheric conditions {corrosional effects}, pre-treatment of the material,
ete. Fig.4.2 lllustrate a set of 5-N curves valid for 4340 steel under narmal
atmospheric conditions, The curves shown are based on pure harmanie
vibration loading only. In practice, however, a mechanical part, or material,
is very raroely, if ever, subjected to pure harmonic vibrations of constant
maximum amplitude during its complete "'life".

To try and take varying amplitudes into account in theoretical estima-
tions of the average fatigue life a “rule’” of linear accumulation of damage
has been suggested (Palmgren, Minor):

n.
. L
D=ZX N;

Here ny is the actual number of stress reversals at a vibratlon stress level
which requires a tatal number of stress reversals, N;, to failure, Failure
should thus oceur when D=1, By using the above expression, and a
mathematical approximation to the S-N curve of the form

NSt = g
it is spmetimes possible to establish a closed mathematical farmula for .
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Two conditions which have to be fulfilled when use is to he made of the
formulae for D and the S-N curve are, however, that each stress reversal has
an approximately sinusoidal wave-shape and that the mean stress is zero,
These conditions are fulfilled, for instance, by the vibrational stresses
occurring in a linear single degree-of-freedom system excited by random
vibrations see Fig.4.3.

o

Fig 4.3, Nustration of the stress-versus-time trace produced in a single
degree-of-freedom system excited by random vibrations

Furthermore, in such systems the statistical distribution of maximum
vibration amplitudes {peaks) can be mathematically described by means of
the sa-called Ray.'emh-disrrr'bgrian. Fig,4.4:

X 352

pix)dx = aze_ 7 dx

where p (x) dx is the probability of occurrence of peaks within the infinite-
Iy small amplitude "window" dx [Figs.4,3 and 4.4). As tho total number of
peaks oceurring within dx Is n(x} =, + T - p{x)dx, and the partial fatigue
tlamage caused by these stress reversals around the vibration level x is

nix) _ j, 0T {x) dx

TN N (x]

the accumulated damage qver all vibration peak Jevels during the period of
timae, T, is:

Dx

_ e nixr = pix)dx
DeIgm= T N

Utilizing now the mathematical approximation to the $-N curve as waoll
as the expression for the Rayleigh distribution of stress reversals given
above, the total time to failure (D =1} can be estimated by solving the
integral in the formula for D:
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Fig.4.4, Typical peak probability density curve for narrow band random
vibrations (Rayieigh distribution)}
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where T is the gamma-function tabulated in most reference books on
mathematical functions.

in the case of commen engineering materials b takes values between 3
and B (Steel b = 3,5; Tinbronze 80% Cu — 16% 5n — 10%Pb, b =7.5)

Even though the formula for T given above has been derived on the basis
of stress vs. time histories of the kind shown in Fig.4.3 It may also be usod
to a first approximation in more complicated cases, |f, for instance, the
stress time history on a critical peint In a construction looks somewhat
like the trace shown In Fig,4.5 one could assign an "average frequency”’, f,,
ta the vibrations based on the average number of zero-crossings per unit
time. Using this frequency in the above formula together with the overall
AMS-value of the dynamic stress, the resufting average time to failure gives a
conservative estimate,

The problem of random load fatigue has been studlied quite extensively
over the past 15 to 20 years, and interested readers are referred to the
selected bibliography cited at the end of the Chapter, in particular to the
Brilel & Kjacr Technical Reviews No, 1-1968 and No. 4-1968,
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Fig.4.8, Tvpical stress-versus-time trace at a ‘critical point"” on a com-
plicated structure

4.2, Vibration of Rotating Bodies. Balance Quality

Unhalance in rotating machinery may be one of the most frequent causes
of vibration, However, in many cases the vibrations caused by a small
amount of unbalance may not be too serious,

On the other hand, in cases inveolving large machinery rotating at high
speed the problem of unbalance becomes critical,

There are basically two different “kinds' of unbalanee accurring in
practice: Unbalance in one plane, so-called ’'static unbalance’ and un-
balance in two er more planes commonty termed “dynamic unbalance”,

To illustrate the phenomenon of static unbalance consider Fig.4.6. The
rotor s here assumed to consist of a rigid dise, for Instance a fly-wheel, If
the center of gravity of the "disc” does not coincide with the shaft center
{ecanter of rotation) the disc will vibrate during rotation and cause
vibrational forces to be transmitted to the bearings, These vibrations can be
eliminated by adding mass to the light side of the disc opposite to the
mass-load causing the unbalance, see Fin.4.6. As the centrifugal forces acting
on the added mass must be exactly equal in magnitude and opposite in
direction to the centrifugal farces causing the original unbalance the follow-
Ing ralationship holds (Fig.4.6).

mxr=Mxe
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Fig.4.6. Example of static unbalance and how it can be remedied

The reason why this kind of unbalance is termed "static unbalance’ is
that the problem of determining the location of the balancing mass, m, 15
basically a preblem of statics: When the dise is not rotating, and the axis of
rotation is horizontal, the dise will place itself in a position where the center
of gravity lies on a vertical line through the center of rotation, {Fig.4.7a).
The correction mass {welght) can now ba placed on tap of the disc, the
amount of mass necessary to achieve the required halance being that which
brings the disc into indifferent equilibrium, Fig.4.7b).

alagia
’,.Ccnm of ralagion o Pttt anasss

.. Gantar ol jatation =

Retaling dise - . New center ol gravily

Cantor a! gravity Oniginal conter ol gravity

Veeical line Venical e

anpy

Fig.4.7, iHiustration of the simplest method of static balancing
a) “Natural” position of the non-rotating unbalanced disc
b} Sketch filustrating the result of static batancing of the disc. (The
center of gravity of the disc now coincides with the center of
rotation)

If the rotor is no longer of the rigid dise typo but rather a rigid elongated
body as shown in Fig.4.8, not on/y a center-of-gravity-displacement kind of
unbalance may be present, but also an unbalanced couple may affect the
motion of the rotor, sce Fig,4.8b}, It is then required to carry out balancing
in two planes, for instance the planes marked X and Y in the figure, This
kind of unbalance is commonly termed dynamic unbalance because it is
aessential for its detection and correction that the rotor rotates,
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al Sketch of a roter where an unbalanced couple affects its motion

L) Hiustration of the effect caused by the unbalanced couple

Although the ideal halance situation would be one where the rotating
body, after heing properly balanced, shows no unbalance at all, this is
neither an economically nor practically achievable situation. Even after very
careful balancing the rotor will always possess a certain residclal unbafance,

In view of these facts the 1.5.0. {International Standards Organisation)
has propased certain recommendations as to the "Balance Quality of
Rotating Rigid Bodies”. These recommendations relate all the permissible
residual unbalance to the maximum operating speed of the rotor, and
associate various types of representative rotors with ranges of recommended

quality grades,

The curves showing the propospd acceptable residual unbalance as a
function of the speed of the rotor, and the quality grade, are given in
Fig.4.9, while the following table illustrates the connection between the

quality grade and the type of rotor,
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Balancing Grades for Various Groups of Representative Rigid Rotors

Quality
grade
G

By, (1012
mm/fsec

Rotor types — General examples

T TR s

M e AT D SRS Ty

A AT ay i R g T

LIRS ER

G 4000

4000

Crankshaft-drives (3) of rigidly mounted siow
marine diesel engines with uneven number of cylin-
ders {4).

G 1800

1600

Crankshaft-drives of rigidly mocnied large two-cycle
engings,

G 630

630

Crankshaft-drives of rigidly mounted large foue-
cyele engines.
Crankshaft-drives of elastically mounted marine

diese} engines.

G 250

250

Crankshaft-drives of rigidly mounted fast four-cylin-
der diesel engines {4).

G 100

100

Crankshaft-drives of fast diesel engines with six and
more cylinders (4),

Complete engines {gasaline or diesal} for cars, trucks
and locomotives {5),

40

Car wheels, wheel rims, wheel sets, drive shafts,
Crankshaft-drives of elastically mounted fast four.
cyele engines (gasaline or dlesel) with six and mors
cylinders (4).

Crankshaft-drives for enoines of cars, trucks and
locomotives,

16

Drive shafts {propeller shafts, cardan shafts) with
spacial requirements,

Parts of crushing machinery.

Parts of agricultural machinery,

Individual components of engines {gascline or
diesel for cars, trucks and locomotives,

Crankshaft-drives of engines with six and more cyl-

inders under special requirements.

6.3

Parts of process plant machines,

Marine main turhine gears {merchant sorvice},
Centrifuge drums,

Fans,

Assembled aircraft gas turbina rotors.
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Fly wheels.

Pump impellers,

Machine-too! and general machinery parts.

Normal electrical armatures,

Individual components of engines under special
requirements,

25 2.5 Gas and steam turbines, including marine main
turbines {merchant service),

Rigid turbo-generator rotors,

Roztors,

Turbo-compressors,

Machine-toal drives,

Medium and large electrical armatures with special
requirements,

Small electrical armatures,

Turhine-driven pumps.

1 1 Tape recorder and phonograph  {gromophone)
drives.

Grinding-machine drives,

Small electrical armatures with special requirements,

0.4 0.4 Spindles, dises, and armatures of precision grinders,
Gyroscopes,

Notos:

1, w =27 nf60 = n/10, if n is measured in revolutions per minute and
in radians per second,

2. {n general, for rigid rotors with two correction planes, one half of the

recommended residual unbalanee [s to be taken far each plane; these
values apply usually for any two arbitrarily chosen planes, but the
state of unbalance may be improved upon at the bearings, For disce
shoped rotors the full recommended value holds for one plane.

3. A crankshaft-driva is an assembly which includes the crapkshaft, a

flywhee!, clutch, pulley, vibration damper, rotating portion of con-
necting rod, atc.

4, For the present purposes, slow diesel engines are those with a piston

68
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5. In complete engines the rotor mass comprises the sum of all masses
belonging to the crankshaft-drive described in foetnote 3 abave,

4.3, Effects of Vibration and Shock on Man

The human body is both physically and biologically a “system” of an
exceedingly complex nature, When looked upon as a mechanical system it
contains a number of lincar as well as non-linear “elements”, and the
mechanical proporties are quite labife and different from person to person.

Biologically the situation is by no means simpler, especially when
psychological eifects are included, In considering the response of man to
vibrations and shocks it is necessary, howaver, to take into account both
mechanical and psycholagical effects.

Because experiments with human beings are difficult, time-consuming
and in extreme cases unasthetical, much of the knowledge gained to date
has been obtained frem experiments on animals. 1t Is, of course, not
always possible to “scale’ results abtained from animal experiments to
reactions expected from man, but nevertheless such experiments often
result in valuable information,

As the purpose of this Chapter is mare to review some of tha presant
knowledge than to discuss in detail particulor experiments the following
pages contain a brief description of some major facts which are presently
known about man's response to vibrations and shocks, Most of the data
presented have been obtalned from a report by D.H. Goldman and H.E, von
Gierke*} and interested readers are referred to this report, or to Chapter 44
in the "Shock and Vibration Handbook' " *), for more detailed information,

Considering first the human body as a mechanical “system" it may, at
low frequencies and low vibration levels, be roughly approximated by a
linear lumped parameter system of the type shown in Fig.4.10, One of the
most important "parts’” of this system with respect to vibration and shoek
effect seemns to be the part marked ""thorax-abdomen system’, This is due

*] Goldman, D.E. and van Gierke, H.E,: The Effect of Shock and Vibrotion on Man,
No,80-3, Leciure and Reviews Serivs, Noval Medical Research Institute, Bethosda,
Maryland, U.S.A, 1960,

**) "Shock and Vibrotion Mondbook', Edited by ©.M, Harris and C.E. Crede.
MeGrow-Hill Book Cormpany, Inc, Now York 1867,
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Fig.d.10.  Simpiified mechanical system representing the human body
standing on a vertically vibrating pfatform, (After Coerman et
al.)

to a distinct resonance effect occurring in the 3 — 6 Hz range as indicated
on Figs.4.11 and 4,12 and which makes an efficient vibration isolation of a
sitting or standing person very difficult, A further resonance effect is found
in the 20 to 30 Hz region and is caused by the head-neck-shoulder system,
Fig.4.12,

Also in the reglon 60 to 90 Hz disturbances are fclt which suggest eyeball
resonances, and a resonance effect in the lower jaw-seull system has been
found hetween 100 and 200 Hz,

Above some 100 Hz simple lumped parameter models like that shown in

Fig.4.10 are not very useful. It is then necessary to apply continuous
structure amalysis methods which readily become very complex. By such
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Transmissibility of vertical vibration from table to various parts
of the hody of a standing human subject as a function of fre-
quency, {After Dieckmann; data for transmission to belt, after

Radke)

mathods it has, howaver, been shown that for the scull itself the fundamen-
tol mode of vibration seems to be in the region of 300~ 400 Hz with
resonances for higher modes around 600 and 900 Hz, At stifl higher fre-
quencies Use must be made of wave-theary both In the form of shear waves
and of compressional waves {sound waves},

3
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Transmissibility of vertical vibration from table to various parts
af a seated human subfect as a function of frequency. {After

Dieckmann}
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From a shock and vibration point of view the low frequency range may
be considered maost important, Some very interesting maasurements have
here been made by von Bekesy and concern the attenuation of vibration
along the human body, In Fig,4.13 the resuelts obtained at 50 Hz are repro-
duced and show that the attenuation from foot to head is of the order of
30dB. Similarly tha attenuation from hand to head is roughly 40dB.

-

Platlarm
Eacitation

-~ A= ° L3 o 0
Yibration atrenudtian, ¢8
ey

Fig.d.13  Attenuation of vibration at 50Hz glong human body, The
attenvation js expressed in decibels befow values at the point of
excitation. For excitation of fA} hand, and (8) platform on
which subject stands. (After von Bekesy) '

Apart from the mechanical responses mentioned above hoth physiclogi-
cal and psychological effects are abserved, Although these effects are rather
complex and difficult to measure it scems that physiological results
obtained from animal experiments to a certain extent also apply 10 man.
These experiments have been mostly concerned with changes In food
assimilation, muscular activity, reproductivo activity ete, as well as actual
Internal Injury.

The psychelogical effects like perception, feelings of discomfort, and
pain have been studied by several investigators but tha data available seem
to be rather limited. Some vibration exposure criteria curves have, however,
been proposed in the 1.§,0.%) for the vibration frequency range 1Hz to
100 Hz,

*} 1.5.0, = Internationot Stapdards Organization,
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These are shown in Fig.4,.14 and are valid for vibrations transmitted to
the 1orse of a standing or sitting person,

Vibratians in the frequency range below about 1 Hz produce annoyances
which are individually very different, for instance cinctosis (alr sickness).
For frequencies shove 100 Mz the vibratiopal perceptions are mainly
offectiva on the skin, and depend greatly upon the influanced body peint
and on the dampling layers {e.g. shoes, clothes) at this point. |t saems,
therefore, to be practically impossible to state generafly valid vibration
exposure criteria for frequencies outside the above mentioned range {1 —

100 Haz).

The vibratian levels indicated by the curves in Fig.4.14 are given in terms
of AMS acceleration lsvels which produce equal fatigus-decreased proficien-
cy. Exceeding the exposure specified by the curves will, in mast situations
cause noticeable fatigue and decreased job proficiency in most tasks, The
degren of task Interference depends on the subject and the complexity of
the task but the curves indicate the general range for onset of such inter-
ference and the time dependency observed,
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Duratien of pulsd riwt lite ¢, wec, .
Tolerance of human subjects in the standing or supine position
to repetitive vertical impact pulses representative of impacts
from pile drivers, heavy tools, heavy traffic, ote. Subjective
reaction is plotted as a function of the maximum displacement
of the initial puise and its rise time, The numbers indicate the
following reactions for the areas between the fines: | a, thres
hold of percoption; [ b, of easy perception; | ¢, of strong
perception, annoying; Il a, very unpleasant, potential danger for
fong exposures; 11 b, extremely unpleasant, definitely danger-
ous. The decay process of the impact pufses was found to be of
lictle practical significance. (After Reiher and Meister)
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An upper bound to exposure considered acceptable (hazard tohealth as
well as performance) /s taken to be twice as high as (6 dB above) the
"fatigue-decreased proficiency” boundary shown in Fig.4,14, while the
"reduced comfort boundary’ is assumed to be about one third of {10d8
below) the stated levels,

These criteria are presented as recommended guidelines or trend curves
rather than firm boudaries classifylng quantitative biological ar psychologi-
cal limits, They are intended only for sltuations involving healthy, normal
people considered fit for normal living routines and the stress of an average

working day.

Finally, Fig,4,15 indicates the tolerance of human subjects to single
shock acceleration pulses of the type produced in the ffoor near drop forges
or similar equipment (results from a single study),
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5, VIBRATION MEASUREMENT INSTRUMENTATION
AND TECHNIQUES

5,1. General Measurrment Considerations

While in the preceding chapters some basic theoretical aspects of
mechanical vibrations and shocks have been outlined, it is the intention in
this and the succeeding chaptars 1o discuss the more practical aspects con-
nectad with actual vibration measuremants, As indicated in section 2,3 there
are, in general, three quantities which are of great interest in vibration
studies: The displacement, the valocity and the acceleration. Becausa the
quantities are interrelated by simple differentiating and integrating opera.
tions it doas not normally matter which quantity is actually measured, In
the early days of vibration measurements it was common to measure the
velocity of the vibrations by means of, rather clumsy, velocity sensitive
devicas. During the last decade or so thera has, however, boen a distinct
tendency to prefer the use of acceleration sensitive transducers, so-called
accelerometers, for the moasurements instead of velocity pick-ups.

Two of the reasons for this “transfer” in praference are that acceleromae-
ters con normally be macle mechanically smaller than velocity pick-ups, and
that their usefut frequency range is wider, |f the measured result is wanted
in terms of velocity or displacement, rather than in terms of acceleration,
use can be made of electronic integrators at the output of the accelerome-
ter, see also Appendix E.

The requirement of mechanically small vibration transducers originatas
from the fact that the transducer should load the structural member on
which it is placed as little as possible, Also, one often desires to measure the
vibration at a point on a structure, not an an “area”,

With regard to the freguency range of interest in vibration measurements
this has been continuously increasing over the past years. Not so long ago a
commean upper frequency limit was considered to be of the order of 60 Hz,
Today many vibration measurements are carried out up to 5000 Hz, or even
higher, The increased interest In higher frequencies has been caused mainly
by the rapid development of fast moving vehicles, especially in the aircraft
and space vehicle fields, Also the vibrations encountered in aircraft and
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space vehicles are of a random rather than of a periodic nature. This again
often calls for the use of mare complicated measurement technigues than
was commen in earlier days, To be sble to predict the effects of vibrations
on mechanlcal structures and man,it is for instance normally necessary to
frequency apalyze the vibrations.

Various kinds of electronic frequency analyzers may be used for this
purposa the main differances between them being their absolute bandwidth
and thelr variation in bandwidth with frequency. However, very often in
practical vibration work, it is necessary to use analyzers with an exceedingly
narrow bandwidth as the structures excited by the vibrations may contain
mechanical resonaters with large Q-values (lightly damped resonances}.
What kind of instrumentation should be used in a particular measurement
situation must actually be decided upan, in view of the ultimate use of the
measured data and the measurement equipment available. In the following
sections of this book some typical vibration measurement equipment and
their uses are briefly discussed,

6.2, Some Basic Measurement Systems

As mentioned In the pravious section it is almost inevitably necessary to
frequency analyze the measured vibrations if the data are going to he used
for predictive purposes. Nevertheless, use is sometimes stili made of simple
frequency-"independent” vibration measuring equipment to obitain an idea
of the overall vibration level at a certain place. Such equipment consists in
general of a vibration pick-up and an electronic amplifier with indicating
meter calibrated in vibrational units {g, mfsec2, m/sec, inches/sec, mm,
pinchas), The frequency response of the cambined system (pick-up + ampli-
fier} Is then considered to ba flat over a certain specified frequency ranga.

Fig.5.1, Photograph of the Vibration Meter Type 2510
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Fig.5.1 shows an example of such an instrument, namely the Brigl &
Kfaer Vibration Meter Type 2510,

As can be seen from Fig.5.2 the frequency response of this instrument is
flat from 10 Hz to 1000 Hz, It has been deveioped mainly for measurements
on rotating olectrical machinery {600 — 60000 r.p.m.}, and moasures the
AMS-value of the vibration velocity *}. A special feature of the instrument is
that it can be powered either from the mains, or from selfcontained, re-
chargeable batteries.
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Fig.5.2. Standardized frequency response of the Vibration Meter

A second example of battery operated easily portable instrument is given
in Fig.5.3,

Actually the instrument shown Is an /mpulse Precision Sound Level
Meter Type 2204 supplied with one of the Briel & Kjzr Accelerometers
{see also section 5.3). This Sound Level Meter has, however, the advantage

*} The Instrumeont fulfils the requirements of tha German Standard DIN 45666 for
maasuraments on rolating muchinery {Richtlinie VDI 2086}, Also, similar recom-
mendation huve been proposed internationally (150} as well os “locoliy” in Great
Britaln and the U,5.A,
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of being delivered with interchangeable instrument meter scales which en-
ables a meter reading to be made directly in vibrational units,

It may therefore, within its specified limits be used as well as a Vibration
Meter as a Sound Level Meter. Also a specially deslgned integratar

Fig.5.3, Photograph of a battery operated easify portable instrument
desfgned for simple measurements of vitrations fand noisel in the

field

Fig.5.4. Photograph of the instrument, Fig,5.3, fitted with an Octave Filter
Set Type 1613 for coarse frequency analysis of the vibrations
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{ZR 0020} can be connected to the instrument whereby the vibrational
quantity measured will be elither displocement, velocity or acceleration,
whichever is desired,

By fitting an Octave Filter Set Type 1613 to the set-up, as shown in
Fig.5.4 a coarse frequency analysis of the measured vibrations is possible,
This arrangement may not be the “ideal’ vibration analyzer; it does, on the
other hand, furnish the practicing sound and vibration engineer with an
extremely versatile and useful general purpose instrument, To further
facilitate the use in the field of the instrumentation system a Carrying Case
Type 3503 s available, ceontaining the Iinstruments [Type 2204 +
Type 1613) as well as the necessary accessories, Fig.5.5,

Fig.5.8. Carrying Case Type 3503 comtalning the Instrumentotion system
Fig.5.4, and various accessories for specific measurement purposes

If battery-operation of the instruments is not required a somewhat more
claborate but also amore powerful, analysis system Is obtained by means of
the arrangement shown in Fig.5.6. It consists of an Accelerometer, o.g.
Brilel & Kjmer Type 4339, a Preamplifier (for instance Type 2625}, a Meas-
uring Amglifier Type 2606, an Octave and Third Octave Filter Sat
Type 1614 and a Level Recorder Type 2305,

In this case it is possible to frequency analyze the vibration in terms of

1/3 octave frequency bands from 2 Hz to 160 kHz, and to record the result
of the analysis automatically on pre-printed recording paper, see Fig.6.7.
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Fig.5.6. Arrangoment suitable for the automatic frequency analysis of
vibrations in terms of 1/7 octave or 1/3 octave frocquency bands
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Fig.5.7. Example of an automatically recorded spectrogram

A somewhat similar measuring arrangement is sketched in Fiq.b.8, Hera
the Measuring Amplifier Type 2606 and the Octave and Third Octave Filter
Set Typo 1614 have been substituted hy the Frequency Analyzer
Type 2107. Also in this case it is possible to record the result of the analysis
automatically on pre-printed paper, However, the lowest frequency com-
ponents which can be analyzed Is here of the order of 20Hz, Thismay be a
disadvantage because in many cases vibratlon signals contain significant fre-
quency components much below 20 Hz,

To overcome this difficulty use can be made of frequency transformation
by means of magnetic tapa recording, Such frequency transformations are
made simply by recording the vibration signal on a precision FM {frequency
modulated) tape recorder operating at low speed, and then playing back the
signal for analysis at a considerably higher speed, see Fig.5.9. In Fig.5.9a)
the vibration signal s recorded on the Brilel & Kjar Tape Recorder
Type 7001 at low spoed, while Fig.5.9b) illustrates the play-back of the
recorded signal for analysis at 40 times the speed used for recording, With a
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Fig.5,8, Automatic frequency analysis arrangement utilizing the frequency
Analyzer Type 2107
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Accalarometer Presmphilior Magnetic Tape Recurder (F.M,)
43138 W6 om
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001 2107

s

Fig.5.9. Arrangements used for frequency transformation and analysis by
means of magnetic tape recording
a) Recording arrangement
b) Play-back and analysis arrangement

frequency transformation ratio of 1 :40 a 0.5 Hz signal component is thus
transformed up to the required 20 Hzl The result of a frequency analysis
carried out according to the above described prineiples is shown in Fig.5.10
{responst of a two degrees-of-frecdom system excited by Geaussion random

vibrations),
Actually, the use of precision magnetic tape recorders in practical vibra-
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Fig.5.10. Result of a measurement made according to Fig.5.9
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Fig.5.11.  Sketch iflustrating the difference in absolute resolution between
constant bandwidth type of analysis and constant percentage
bandwidth type analysis. Note: Use is here made of linear
frequency scales
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tion work is not uncemmon, In many cases an arrangement of the type
shown in Flg.5.9a) is taken out In the field and the vibrations recorded and
stored for later analysis in the laboratory. The use of tape speed (and thus
frequency) transformations does not furnish then any extra difficulties and
instrumentation investments,

The Frequency Analyzer {Type 2107} shown in Fig.5.8 is a so-called
narrow band frequency analyzer with bandwidth as narrow as 6% of the
frequency to which it is tuned. Beth the Filter Sets Type 1613 and
Type 1614 mentioned above, and the Analyzer Type 2107, belong to 2
category of frequency analyzers called constant percentags bandwidth
analyzers, This is due to tha {act that their abselute bandwidths are directly
proportional to the analysis frequency, A second type of commonly used
fraquency analyzers is called constant bandwidth analyzers benause in this
case the absolute bandwidth is constant, independent of the analysis fre-
quency, Fig.5.11 illustrates the difference between the two types of
analysis, and a measuring arrangement utilizing constant bandwidth analysis

is shown In Fig,5.12,

Actalatometar 0:"
» 8
P A Iih v Ahalyzer
2626 010 ElG

Fig.5.12. Measuring arrangement utilizing narrow band constant band-
width analysis {Heterodyne Analyzer Type 2010)

The analyzing part of the set-up, Fig.5.12, consists of the Heterodyne
Analyzer Type 2010. This instrument is a very versatile narrow band fre.
guency analyzer particularly well suited for vibration analysis,

A second constant bandwidth type analysis arrangement s shown in
Fig.5,14, and contuins the Heterodyne Slave Filter Type 2021, controlled
by the Autematic Vibration Exciter Controf Type 1025, Actually, the
main advantages obtained by using Heterodyne Slave Fllters Is thus not
obvious from Fig,5.14, but consists in the fact that several filters can be
controlled to exactly the same frequency from a single Beat Fraquency
Oscillatar {which is often standard equipment in vibration laboratories), In
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Fig.5,13. Photograph of the Heterodyne Analyzer Type 2010

this way many measuring points can be analyzed simultancously and correct
time-Interdependency between the data be maintained, This is of great
importance in advanced vibration measurement technology, see also
Chapter 8.

Hatprioxdyne Slavs Filiee 2021
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7/7/7//. Preamptilier Lovel Necordne 2305 Cantrol Unit 1076
4343 2020 FIIERI]
Fig.5.14. Example of use of the Heterodyne Stave Filter Type 2021

{Narrow band analysis)

The frequency analysis equipment described above have all bean of a
typa where the output from frequency selective fitters ase presented, one at
a time, to a single RMS-rectifier and read-out device, This kind of analysis is
commonly termed sequential analysis. Even though it may be performed
automatically it requires a certain amount of analysis time, and only
relatively slow changes in the frequency spectrum with time can be easily
detacted, Another method of frequency analysis, termed real time analysis
for paraffel analysis), has therefore gained considerable interest in later
years, Here the output fram a number of “parallel” filters are fed
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Fig.5,16. Photograptr of the Real Time Apalyzer Type 3347
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simultaneously {or within fractions of a second) to the read-out, Fig.5.15.
In this way the complete frequency spectrum can be presented “instantane-
ously”, and even very rapid changes in the spectrum with time can be
detected. An instrument capable of performing this type of frequency
analysis is shawn in Fig.h,16. As can be seen from the figura the complete
1/3 Octave frequency speetrum of the vibrations is hero presented on the
screen of a television type picture tube, Outputs are furthermore, also
provided for analogue Instrumentation, such.as X—Y or level recorders, and
for digital data receivers, such as tape puncher, printer, or computer ""on-
line", Connecting the Analyzer to a suitably programmed computer thus
forms a flexible and very rapid system for automatic data processing with
tha advantages of real time analysis.

Comman to all vibration analysis systems, whether scquential or parallel,
is that they consist of four basic "elements"”: a vibration pick-up {acceler-
ometer), a preamplifier {in some newer texts also tarmed signal con-
ditioner}, an analyzer and a read-out recorder Fig,5,17.

RAewd 0ut
IRecarilert

Fig.8.17.  Basic combination of “slements® in a vibration analysis system

In the following sections each of these “elements” are discussed separate-
ly in order to facilitate the selection of “elements’” best suited for a
particular measurement situation,

5.3, Salection of Acculerometer

An aceelerometer is an electromechanical transducer which produces at
its output terminals a voltage proportional to the acceleration to which it is
subjected. The most commeonly used accelerometers today are the so-called
comprassion type piezoslectric accelerometers whose canstruction s
Hlustrated schematically in Fiy.5.18.
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Fig.5.18.  Sketch showing the basic construction of the Briel & Kjzr com-
pression  type piezo-electric  acceleromoters  (single-ended
version)

In the Briiol & Kjar ncceleramsters the transducing element consists of
two plezoelactriz discs on which is resting a heavy mass, The mass is pre-
loaded by a stiff spring and the whole assembly is mounted in a metal
housing with a thick base. When the accelerometer is subjected to vibration,
the mass will exert a variable force on the piezoeleetric dises, This force is
exactly propertional to the acceleration of the mass, Due to the piezoelec-
tric effect a variable potential {voltagal will be developed across the two
dises, which is proportional to the force and tharefere to the acceleration of
tha mass, For fraguencies much lower than the resonant frequency of the
mass and tha stiffness of the whole accelerameter system the acceleration of
the mass will be virtually the same as the acceleration of the whole trans-
ducer and the voltage produced will therefore also be proportional to the
acceleration to which the transducer is subjected,
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Fig.5.19. Typical frequency characteristic of a piezo-electric accelerome-
ter flow frequencies not considered)
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These relationships can be illustrated by means of the acvelerometer
frequency characteristic shown in Fig.5,19, Hare the output voltage from an
accelerometer Is recorded as a function of frequency, the accelerometer
being exposed to aconstant, frequency independent, acceleration tovel, The
gifect of the above mentioned resonance is clearly noticed, Actually this
resonance effect determines the upper limit of the accelerometer's useful
frequency range, while the tower limit normally depends upon the proper-
ties of the connected amplifiers (Figs.5.17 and 5.31).

The sensitivity of the accelerometer, ie, the magnitude of the voltage
developed across jts output terminals when subjected to a certaln acceler-
ation, depends partly upon the piezo-electric properties of the material used
in the piezoelectric discs, and partly upon the weight of the mass, Fig.5.18.
For a given piezo-glectric material the mechanical size of the accelerometer
i5 therefore important with respect to its sensitivity. The smaller the acceler-
ometer is, the lower is the sensitivity. On the other hand, a decrease in
mechanical size Is also normally accompanied by an increase in frequency of
the accelerometer resonance, i.e, a wider useful frequency range, Fig.5.20
shows some typical frequency characteristics far various Briief & Kjzr accel-
erometers, and in the table Fig5.21 their main fields of application are
tndicated, Even if the frequoncy response and sensitivity may be the two
most important properties to know for the selection of a suitable acceler
ometar there are many other factors to consider. Ona of those is the acceler
ometer cross-axis or transverse sensitfvity. The transverse sensitivity Is the
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Fig.5.20. Typical frequency characteristics for various types of Brijel &
Kiaer Accelerometers. (Weight of Type 4338: 60 grams: Weight
of Type 4339: 16 grams; Weight of Type 4344: 2 grams)
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sensitivity to accelerations in a plane perpendicular to the main accelerome-
ter axis, Fig.5.22, It is normally expressed in percent of the reference {main
axis) sensitivity and should be as small as possible, For a good accelerometer
the maximum transverse sensitivity should be less than 3% of the main axis
sensitivity at low frequencies,
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Fig.5.22, Graphical iftustration of transverse sensitivity

The transverse sensitivity is normally caused by irregularities In the piczo-
electric material, and limitations in the mechanical coupling botween the
piezo-glactric discs and the metal parts, Careful mechanieal machining helps
to minimize transverse sensitivity, Fig.5.23 shows a typlcal frequency
characteristic for the transverse sensitivity at frequencies up to 10.000 Hz,

Anothar factor which should be considered is the environment under
which the accelerometer is supposed 1o ba operating.

Accelerometers are often used to measure vibration in the field, or an
specimens, subjected to severe environmental conditions. It is therefore
important that their sensitivity to environmental changes Is as small as
possible, The factors that may influence an accelerometer’s performance are
primarily temperature, humidity and rapidly varying amblient pressure
fsound). The temperature effect causes a reduction in the voltage sensitivity
of the accelerometer at higher temperatures, but if the accelercmeter has
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Fig.5,23. Example of frequency response data for transverse sensitivity of
an accélerometer

undargone a suitahle temperature cycling process in the production stages,
the sensitivity will revert to its normal value when the temperature is
brought back to normal again, Howover, beyond a certain temperaoture (the
Curie point} the piezoelectric element is parmanently damaged.

The Brilel & Kjar acceleromaters are designed toa be used for temper-
atures up to 260°C (500°F) without cooling, Thae sensitivity will be slightly
reduced at the higher temperatures, but the necessary heat ¢ycling process
has been carried out, so that no permanent change will take place, It should
be noted that great care has been taken to use materials which will with-
stand high temperatures. The thermal coafficient of expansion of insulating
material and inetal parts are carefully matched in order to maintain

humidity sealing.

Tests havo lso been conducted in order to find the influence of Jow
temperaturas on acceleometer performance, The voltage sepsitivity in-
creases steadily down to soma —1009C and than levels out, while the
capacity undergoes a gradual decrease with decreasing temperature,

Typical performance charactaristics are given in Fig.5.24 for the temper-
" ature range - 100 to + 250°C {150 to + S00OF},

Effects due to acoustical excitation are unavoidabla with piezoelectric
accalerometers, but may be reduced by careful design. Typical acoustic
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sensitivities have beon measured for the Brilel & Kjmr accelerometars and
found to be less than 0.5 pV/ubar for the smallest accelerometer,”)

un
5
b
1
3 Capacaty
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’—\
- 1% SN
-1 ~60 160 150 00 750 e
-1 Tongwrsture
-2 }/’ ' i
-1 Voltsp winilieity
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Fig.5.24. Typical performence characteristics for a Briiel & Kiar Acceler-
ometer in the temperature range —100 to + 260°C

Alsa the long term stabillty, i.e. tha calibration vs, time history, of the
accelerometers has been followed for a number of representative units taken
from production lots. The change in calibration data was found to be loss
than 2% per year.

In coneluding this brief discussion on the selection of accelerometears it
should be mentioped that very often two “types” of accelerometer
sensitivities are statod by the manufacturer. They are the voltage sensitivity
and the charge sensitivity.

The reason for this can be better understood by considering the
equivalent electrical circuit of an accelerometer, Fig,5,25, At the frequen-
cies of interest the aceelerometer ‘may be thought of as an cloctrical
generator with a high internal capacity. As the charge on a capatitor is
defined as

g = aexC

where ¢ = electrical charge
e = voltage across the caepacitor
C = capacitance of the capacitor

*} An ocoustic sonsitivity of 0.5 pV/ubar carresponds to an electric output of 1 mVY
when the acceleromoter is expased to » sound proessure level of 140 dB,
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Fig.5,25, Equivalent electrical circuit of an accelerometer

it is clear that a certain acceleration, a, which produces a certain output
valtage, e, also produces a charge, g, on the capacitor, C.

When the acceleromater s used in conjunction with charge measuring
electronies it js thus of prime Importance to know its charge sensitivity,
while when it is used in conjunction with voltage measuring electrenics the
valtage sensitivity will be the most important ““type" of sengitivity, This 1s
{urther diseussed in section 5.4,

6.4, Salectlon of Preamplifier

The proamplifier, Fin,5.17, is basically introduced in the measurement
circuit for two reasons:

1. To amplify the relativaly weak output signal from the acceleromater,
undd

2, to transform the high cutput impedance of the accelerometer to a
lower value,

In Fig.5.25 the equivalent electrical cireuit of an accelerometer is shown,
By connecting the accelerometer to a preamplifier the electrical circuit of
the combination will be of the type shown in Fig,5.26, Here g, is the charge
developed on the total capaeitance C, + C, + C, (C, = acceleromater inter-
nal capacitance, C, = connesting cable capacity, C; = input capacitance of
the preamplifler), S is the charge sensitivity of the accelerometer and a s
the acceleration to which the accelerometer Is subjected. R, Is the leakage
resistance of the accelerometer {can normally be neglected) and R; is the
input resistance of the preamplifier. The resistance R; in combination with
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Fig.5,26. Equivalent electrical circuft for a combination of accelerometer,
cable and preamplifier

the capacitances C, + C_ + C; determines the lower frequency fimit of
operation for the combination accelerometer + preamplifier.

As mentioned in section 5.3 two "types” of acceleromoter sensitivities
are stated by the manufacturer, i.e. the charge sensitivity, Sq, and the volt-
age sensitivity, 5,. The charge sensitivity is defined as:

Sq =~
and the valtage sensitivity as:
uﬂ
o
whare g, Is the open cirouit output voltage from the acceleromoter,

8, =

The sensitivities are furthermore nterrelated via the accelerometor
internal capacity, C,, &s this capacity is physically a part of the transducing
element;

It is now possible to design the preamplifier in two ways, one in which
the output voltage is directly proportfonal to the input volftage, ond ona in
which the output voltage is proportional to the /nput charge. In the first
case the preamplifier is called a voltage amplifier, in the second a charge
amgplifier,

The major oparational difference between the two types of amplifiers is
that whern a voltage amplifier is used the overalf system Is very sensitive to
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changes in cable capacitance, le. to changes in cable length between the
accelerometer and the preamplifier, while when a charge amplifier is used

the effect of changes in cable fength is negligible.

This can also be readily seen mathematically, Consider first the vo/tage
amplifier. The input voltage [s here {neglecting the offects of R, and R;):
o = I, . S8 . 5,Cha " C, o
i TTE G TG G 0 vC; G +C_tG, G FC G @
Thus the input voltage g is equal to the accelerometer open circuit
voltage e, multiplied by the factor C,/IC, + C, + C;). By changing the cable
capacity, G, the input voltage g; is also changed, Since the output voltage
from the preamplifiers a, = A o;, where A is the amplification factor of the
amplifier, the output voltage from the system, Fig.5.26 will depend upon

the cable capacity.
ra
>

Frima

Fig.8.27. Equivalent olectrical circuit for an occelerometer + cable
+ charge amplifier

In the case of the charge amplifier. Fi9.6.27 should be consulted. Basical-
ly a charge amplifier consists of an high gain operational amplifier with a
feedback capacitor, G, and it can be shown that the output voltage from
tha cireuit is given by the expression:

= _ Gy A -
%= TG, vC -C AT of

Thus:
Sy a C,
g o = e
VT FC +C -G (A= C,+C +C;—Ci{A-1]
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Fig.5,28, Chart which may be used to find the required input resistance,
R, of a voltage preamplifier when the accelerameter +cable
copacity, C, and the tolerable low frequency limit, 1, of the
meastring system are known
Examples: 0.31
a} If the —1 dB low frequency limitis f_y then R == C 1,

b f the 3 dB low froquency limit s {.. then B =2 1°
-3

0.01 402 a0] 004 D05 o1 0.7 13

As A isvary farge this expression becomes:

g P
oAl % Ic,;t:uI

wihich Is independent of the cable capacity C,,.

El."'-""

Another difference in performance hatween the voltage amplifier and the
charge amplifier {s that the /nput resistance of a voltage amplifier, R, in
Fig.5.26, cannot always be neglected, and will affect the very low frequency
response of the system. This is IMustrated In Fip.5.28 whera the rolative
output voltage from the system is plotted vs, the expression £ ? C ff=fra-
quency), Voltage amplifiers, or rather the voltage pre-amplifiers, are normal-
ly simpler in canstruction and contaln less components than charge pre-
amplifiers, They are therefore often less expensive and more reilable, On the
other hand, cable length corrections and low frequency response consider.
ations can be avoided by the use of charge preamplifiers, In selecting the
appropriate preamplifier for vibration work the above arguments should be
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Fig.5.29.

data for the various Briiel & Kjwr Preamplifiers

Table Indicating some important features and other relovant



duly considered. A number of preamplifiers are available from Briicl & Kjar,
As all thu preamplifiers can be used with all the Briiel & Kjar acceferometers
the preamplifier may be seleeted purgly sccording to its own merits. To
assist the reacler in the selection some important features of the various
preamplifiers have been tabulated in Fig.5,29,

6.5, Selection of Analyzer and Read-out, Data Presentation

Even though all the basic "elements™ in a vibration measuring arrange-
ment (Fig.5.17) are equally essential, the one marked “analyzer” may be
considered the "central” unit, It determines, in general what signal proper-
ties are being measured and what kind of data can be ohtained in the form
of numbers or curves.

The simplest "analyzer” consists of a linear amplifier and a detection
device which makes it possible to measure some tharacteristic vibration
signal values, for instance the peak value, the RMS.value or the average
absolute value of either the acceleration, the velocity or the displacement
{see also Chapter 2, section 2,1). In this connection it should be pointed out
that if it is desired to measure signal peak values, not only the frequency
response of the measuring system should be duly considered but its phase
response must also be taken into account,

Although the frequency response of the system may indicate that all
frequencies of interest are baing passed on to the detection device without
attenuation, considarable phase distortion can take place, |f such distortion
occurs, the refative phase shifts betwaen the various frequency components
in a complox signal change and the wavetorm of the signal reaching the

a}

b}

‘DM
Fig.5,30. Examples of waweform distortion due to phase non-lincarity in
the measuring system
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detection device may look totally different from the wiveform of the
original vibration signal. Fig.5.30 exemplifies this with respect to a square-

shaped vibration signal,

In Fig.5,3Ca) the input signal to the detection device is shown for the
case whare the fundamental frequency of the vibration corresponds to the
fow frequency limit of the measuring system, while Fig.5,30b) shows the
undistorted signal, Finally, Fig.5.30c} indicates the signa) waveshape at the
detection device when the fundamental frequency of the vibration cor-
responds to the high frequency limit of the system. The changes in signal
waveshape for the three cases are clearly noticed,

As a practical “rule of thumb” it may be stated that serious waveshape
distortion of the signal moy be avoided when the fundamental vibration
frequency is higher than 10 times the low frequency limit of the measuring
systern and the Irighest significant vibration frequency component has a
frequency which is lower than 0.1 times the high frequency fimit of the

system, Fig.5.31,

This *rule” should be applied with cara, but may serve as a guidefine in
the selection of measuring equipment, [n critical cases it is often advanta-
grous to lonk at the signal waveshape at various points in the measurement
systern by means of an oscilloscope,

If, on the other hand, measurements are not made directly on the signal
waveshapa but on some kind of signal average value, for instance the
RMS-value, phase relationships are no langer so critical, Jn the case of
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Fip.5.31.  Sketch indicating how frequency non-lineority affects the range
of “ideal"” operation of a measurement system
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RMS-measurements the phase ralationships are actually of no importance at
all, because of the squaring process involved,

Normally an “analyzer”, or rather a detection dovies, of tha type
described above does not giva the vibration engineer sufficient information
about the signal he is studying. In most practical cases it will bo necessary at
least to be able to determing the frequency compasition of the vibration
signal, Use should then be made of a frequency analyzer,

Some basic fraquency analysis arrangeinents wero briefly dascribed in
section 5,2 and in the following some relevant considerations as to their
practical use are outlined,

As mentioned in section 52 two types of frequency analyzers are
commonily available, namely the constant bandwidth type analyzer and the
constant percentage bandwidth type analyzer. The questions now arise, {1)
When should the constant bandwidth analyzer be used and when should the
constant percentage bandwidth analyzer be used? {2} Are thero other
possible and practical methods of analog vibration frequency analysis?

There is no unigue answer to the first question, while the second one
may be answered with a "yes”, However, the two questions are best
discussed in conjunction with each other.

When the measurcment problem consists in analyzing a vibration signal
containing a number of complotely stable, discrete froquency components
the constant bandwidth type analyzer may ho preferred if the vibrations are
of a periodic nature because in this case the various frequency components
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Fig.5.32,  Example of the frequency spectrum of a periodic signal (square
wave)
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are harmonically related, Fig.5.32. By comparing Fig.5.32b) with Fig.5.11 it
is roadily seen that if copstant parcentage bandwidth amalysis was used it
might nat be possible to measure the highest harmonic components of the
signal separately, because more than one component could then be inside
the analyzer bandwidth Fig.5.11b). On the other hand, if the percentage
bandwidth of the analyzer is very small, say 6%, this phenomenon would in
practice not become serious until one tried to measure the fifteenth

harmonicl

If the (periodic) signal is not quite stable, and only the first few
harmonics are of interest, a constant percentage bandwidth type analyzer is
equally well suited for the measurement. Suth cases may occur when vibra-
tion measurements are made on rotating machinery or internal combustion
engines and, because the *unstable’ operation causes a constant percentage
type of frequency variation, the constant percentage bandwidth analyzer
may even be preferablel

When the vibration signal to be analyzed is of a stochastic nature
{random vibrations} which produce a continuous frequency spectrum the
preferred type of analysis will depend not only upon the spectrum itsctf,
but also upon the ultimate use of the measured data. If, for instance, the
data are to ba used in the preparation of vibration test specifications no
detalled spectrum analysis is normally required because such specifications
are, In general, derived by enveloping a number of measurement situations,
Analysis in the form of 1/3 octave, or even 1/1 octave, frequency bands will
therefore suffica.

On the other hand, if the data are to be used for the study of vibration
transmission characteristics, or for possibie failure predictions, very often an
extremely detailed frequency analysis is required. Whether the analysis
should be made in terms of constant bandwidth, constant percentage hand-
width, or some other bandwidth — versus — fraquency type of analysis, may
then often depend upon the amaunt of data to be analyzed and the analysis
equipment avallable in the Yaboratary, Even though the constant percentage
bandwidth type of analysis seems, alse In this case, to offer many advan-
tages, its resolving power may not he sufficiant in practice. 1n some practical
cases a frequency resolution of 0,5%, or better, is required, and this require-
mant s diffleult to meet with practical analog constant percentage band-
width analyzers. [t may, however, be met by the constant bandwidth type
analyzer, at least over a certain portion of the vibration frequency range.

A further diseussion on the use of constant percentage bandwidth, con-
stant bandwidth, and other bandwidth — versus — trequency types of
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analysis of random vibrations is carried out in a separate publication®) ant
interested readers are referred to this for detailed information.

In conjunction with the frequency analysis of stationary randomn vibra-
tions it should on the other hand be mentioned that the most efficient {and
common) mathod of presenting this kind of data is in torms of mean square
{or power) spectral density functions (sce also Chapter 2, section 2,2}, As
the mean square spectral density functien has been dofined as

p Mmoo dim 1 T oo imooxZay
wifl = i Tooe AT { 2, (1) dt Af—0 A at AMS.value
this presentation inwolves the division of the squarcd RMS-value, measured
ina narrow filter-band with bandwidth, & F, by the bandwidth,

¥ a constant bandwidth type analyzer is used for the measurements the
resulting froquency spectrum is therefare directly proportional to the mean
square spectral density function. |n cases where a constant percentage band-
width analyzer is used, however, a certain, frequency dependent correction
has to be applied to the measured spectrum to obtain a measure for the
mean square spectral density function, Because here Af=const. x f, by
definition, this correction is very simple in that

wiff = (—bl—?
Joonst, x T
The correction can be applied either graphically, Fig.5.33, or electrically
by means of a special filter, Fig,5,34 (it should be noted that the straight
line type of correction shown In Fig.5.33 is only valid when the frequency
spectra are plotted to logarithmic scales),

From the above discussion an the subjest of frequency analysis it will be
clear that the technigues used, both with regard to the measurements them-
selvas, and to the presentation of the measured data differ somewhat,
depending upon whether the vibrations are of a pariodic or random nature,
If the vibrations are periodic {or contain discreto frequency components
only} the spectra should be presented jn terms of measured RMS-values
“indgpendent” of the measurement bandwidth. Qn the other hand, if the
vibrations are of the random vibration type the spectra should be presented
in terms of mean square spectral density functions which do depend upon
the measurement bandwidth. This is important to keep in mind because

*} *The Application of B & K Equipment ta Frequency Analysis nnd Pawer Speciral
Density Maasurements®,
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Filter circuit producing a 1/0 T characteristic, The cireuit should
he foaded by an impedance higher than 0.5 ML), The generator
impedance should proferably be low but is not critical
(<50 k)
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considerable confuston has heen eaused in the past due to misleading
preseptations and interpretations of frequency analysis data,

in some cases in practice the vibrations consist of a combination of
random and perjodie signals. If the machinery producing this kind of vibra-
tions contains sharp {lightly damped) resonances a “peak" in the vibration
frequency spectrem may Indicate either a discrete frequency component or
a lghtly damped resonance. To be able to distinguish roughly between the
two phenomena it is necessary to consider, for a moment, the averaging
time of the read-put device,

Referring to Chapter 2, sections 2,1 and 2.2 the RMS-value of a vibration
signal was defined mathematically as:

XHMS =2 %‘Jar %2 {t) dt

In this formula T /s the averaging time, 1.0, the time used to physically
determine the RMS-value of the vibrations. Now, In cases of statistically
varying vibrations (random vibrations} the frie RMS-value is onty obtained
it T Is infinitely great. Because T cannot in practice be made infinitely great,
and bocause the time of observation (reading of the meter) in practical
vibrativn measurements {s normally comsiderably greater than the instru-
ment averaging time, T, the observed RMS vafue of the vibrations fluctuates

during measurements.

Fig.5.35, [fllustration of the difference in character between a purely
harmonie (sinusoidal] vibration and a narrow band random
vibration signal
a} Harmonie vibration
b} Narrow band random vibration. (Note the fluctuations in
maximum amplitudes)

108



Implicit in the above formula is also the measurement bandwidth In that
the narrower the bandwidth the greater are the fluctuations, provided that T
is kept constant. On the other hand by sefecting & groater T In the instru-
ment meter circuit the fluctuations can be decreased. This relationship can
be stated mathematically by means of the formula:

1
¢ TRTATT

where ¢ is a measure of the AMS fluctuations,*) A f the vibration frequency
bandwidth (or measurement bandwidtly, — whichever is the smalfest}, and T
ts the averaging time, Also, this refationship pravides a "key" to determine
whether a “peak” in the measured vibration freguency spectrum is caused
by a discrote frequency component (purely periodie signal) or by a random-
Iy excited, lightly damped resonance; /f the “peak™ is caused by a discrete
frequency component the RMS value should show only small fluctuations
{("instabillty” in the machinory) and the fluctuations should not chanye
greatly when T is decroased. 1§, oh the other hand, the “peak” iscaused by a
randomly excited, lightly damped resonance a decrease in T will cause a
consideralble Increase in the RMS fluctuations. Fig.5.35 illustrotes the
difference in character between a purely periodic vibration signal and a
randomly excited, lightly damped resonance,

The formula

1
¢ = ZVETT

constitutes one of the essential "laws™ In the field of frequency analysis of
random vibrations and states that H, for a particular measurement situation,
it is desfrable to increase the frequency resolution fdecroase Af), then T
must be correspondingly increased to obtain the sane measurement
accuracy,

Fig.5,36 shows a table of the various types of frequency analyzers which
are available from Briie! & Kjmr. Most of these analyzers may be swept
automatically, the sweep being controlled from the Briel & Kjzr Level
Recorder Type 2305, see also section 5.2,

The Level Recorder also constitutes a convenient read-out device which
makes it possible to record the measured frequency spectrum directly on
preprinted frequency calibrated regording paper, see for instance Figs,5.10

*} Actually e ig the relativo stondard devintion of the RMS fluctuations,
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Fredquency Analyer Principleof | Frequency Rangoe Hardwidth Type ol Remarks
Type Cperation Frequency Sweep
mpe Constant 2 Hz = 200kH2 3-10-30~ 100— | Conrinuous Hueterodyne Anatyeer,
Bandwitth 300 ~ 1000 Hz May he swept automatically by either
thechahical or alectronlc nweep cantrol
2020 + 2605 + Canstant 20Hz - J0kH2 3-10~30- 100 Hz | Continuouy IHeterodyny Skave Filler Atrangement,
1022 {1024) Bandwid th . Way ba swept automatically
2021 + 1026 Constant §Hz = 10kHz 3-10--30 - 100 - | Continuous Kay be swept aulomatically
(1042; 1026} Bandwidih JoDHe
;.’102' " Constant 20 He — 20kH2 6% - 29% Cantinuous
+ 18 Parconsage 2 W1 =20kt . N
I+ 1816) Bandwidth | 26 Hz ~ 20 kHz 13 und 171 Deeuve Cantiguatrs Bands May b swep automatizally
213 Cansrant 25 Hz — 20 kHz
2006 + 1615 Porcentage | 26 Hr — 20kHz . . : .
2114 Bondwidth | 2H2 — 160kH2 1/3 ond 1/1 Detave Contiguaus Bands Muy he swept automatically
2607 + 1614 2Hr — 100kH
2203 + 1613 Camzant 1,5 Hz — 315 kHe| 171 Octave Cantiguous Bondy Battery Onerated
2204 + 1013 Percontagu No Automatic Sweep
Bandwidth
3347 Comtant 25 Hr -~ 40kHz 1/3 Octave Contiguous Bands Patallel {Runl Time} Analyzer,
Percenrage For connection 10 both Analag Recarders.
Brndwidih Digital Computers
Fig.8.36, Tablo of 8riiel & Kjzer frequency analysis equipment
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and 5,38, When it is used as a read-out device In a vibration measurement
the averaging time is normally determined by the writing speed of the
recording pen, and certain other internal properties of the Recorder itseld,

For the case of the mast commonly used input potentiometer {50 dB)
and the correspondingly recommsnded sattings of the Recorder contral
knobs, the resulting averaging times are tabulated in Fig.5.37 as a function
of writing speed. In selecting a suitable writing speed the above formula for
¢ should be born in mind.

Writing Speed Approximate
mm/sec Averaging Time"}
soC
1000 0,005
Bog 0.007
G630 0.008
500 0.010
400 0.013
260 0.020
160 0.02
100 0.05
683 0.08
40 0.13
25 0.20
16 0.35
8 o.7
4 1.3
2 3

Flg.5.37, Table of the relationship between the writing speed of the
Briiet & Kjer Level Recorder Type 2305 and the resulting
effective averaging time. The figures are presently under

revision,

When the writing speed {averaging time) has been selected the next
problem that arises is in general the selection of an "optimum*’ sweep rate
for the analysls. The sweep rate is, when precalibrated paper is used on the
Level Recorder, closely connected to the Recorder's paper drive speed ang
the Analyzer bandwidth.

A useful formula, which also takes the dynamic range of the measure-
mants into consideration is given by:

m




Paper Speed & 1_0)56 x Writing Speed

where X /s the distance in mm on the recording paper that corresponds to
the Analyzer bandwidth.

In connection with the use of this formula it should be noted that when
other than constant percentage bandwidth analysis and logarithmic frequen-
ey scales {or constant bandwidth analysis and linear frequency scales) are
used In the measurements, it is necessary to consider the distance X in
various parts of the froquency range, For instance when using the Briel &
Kj@r Frequency Analyzer Type 2107 X is smallest at the highest frequen-
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Fig.5.38, Examples of how the choice of Level Recorder writing speed
faveraging time} affects the appearance of frequency analyzed
random vibrations
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cies, and the vatue found in this range should be inserted in the formula
given above for the paper drive speed,

In concluding the discussion on sequential filtering, averaging time and
RMS fluctuations of stationary random vibrations, Fig.5.38 illustrates how
the choice of averoging time {writing speed) affects the recording of a
particular frequency spectrum,

There is, however, a particular area of measurement where the proper
chaice of averaging time is of special importance, Thls is the field of analysis
of non-stationary random vibratfons (see also Chapter 2, section 2.4}, If the
non-stationarity can be represented by a deterministic function it might, for
Instance, often be possible (by varying the averaging time) to “separate” the
rancom and the deterministic time trends in the data, Use is, in such cases,
commonly made of magnetic tape recording of the original vibration signal,
The recarding Is then dubbed onto an endless tape loop and the Joop
analysed a number of times, cach time with a different averaging time
satting on the analyzing equipment, When the analysis averaging time
hecomes short relative to the daterministic time trend {but still great enough
to maintain a reasonable accuracy in the random “portion” of the data) the
non-stationarity becomes more or lass avident in the recording,

Although sequential filtering and automatie recording of the result is an
excellent method of obtalning detailed information on the vibration
frequency spectrum, the method may, in many cases be considered too
slow, and use has to be made of paralfel analysis and "instantaneous” read-
out of the complete spectrum, see also section 5.2, Also in this case the
selacted averaging time influences the readout, Hewever, the problem of
froquancy sweep spoed is here completely different from the one discussed
above in connection with sequential filtering. In the Briiel & Kjar Real Time
Analyzer Type 3347, for instance, 3 complete felectronic) scan of the out-
put from all fitter detectors is made in 2 milliseconds, which is considered
‘instantaneous”, at least when compared to the previously described
sequential filtering,

‘Tha electronic scanning of the filter outputs is made after rectification
and averaging, so that each filter is followed by a rectifier and averaging
clrcuit, see Fig.5,15,

This arrangement allows differant averaging times to be used on the
various filter outputs, whereby similar statistical accuracy characteristics ean
be obtained over the complete frequency range, cven if the absolute filter
bandwidth varies, Howaver, unless otherwise specified, certain 'Standard"
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Fig.5.39, Variation in averaging time with frequency of the Real Time
Analyzer Type 3347 (standard version}

averaging times versus frequency characteristics are available on the instry-
ment, These are shown In Fig,5,39 and are narmed "Stow Random®’, "Fast
Random’* and *'Sine®, respectivaly. The corresponding, statistical error ¢ s
indicated in Fig.b.40 for 1/3 octave spectrum analysis,

It should be pointed out at this stage that the selection of appropriate
averaging times, and statistical error considerations, are of considerably
greater importance when the measured results are to be used dirocily for
further digital processing than when they are used for normal analog record-
ing. When analog read-outs are utjlized the data are, more or less automatie-
ally, further averaged by the eye of the chservor,
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Fig.5.40,  Standard error (e} in random signal measurements with the Real
Time Analyzer Type 3347 as a function of frequency
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In the case of digital processing, on the other hand, the outputs from tha
averaging circuits are sampled periodically, and extrame values may be
included among the samples,

Even though the frequency analysis -technique may be considered the
most important measurement tool that the practicing vibration englneer has
at his disposal today, other forms of analysis exist and is of considerable
scientlfic importance. These belang, howevar, at present to what is com-
monly termed “maore advanced" analysis techniques, see Chapter 8.

5.6, Calibration and Performance Checks

Each instrument produced by Brilel & Kjoer has been thoroughly checked
and individually calibrated before it teaves the factory, The measurement
transducers, in this case the acceleremeters, are not only individually
calibrated but they are also supplied with a fuli calibration chart, Fig.5.41.
Furthermore a special section in the accelerometer instruction manuals
details the procedures utilized for calibration,

The accuracy of the factory ecalibration Is better than 2% for charge
sensitivity, voltage sensitivity. and capacity. Even though the fong term
stability has been checked and shows less than 2% change in the calibration
data per year, the transverse sensitivity may change temporarily when the
accolerometer is exposed to large shocks, ospecially sideways. Normally
however, it will return to the original value within the next 24 hours,
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Fig.5.41. Example of the individual calibration chart supplied with each
Briiel & Kjmr Accelerometer
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In calibrating a typicat vibration measuring arrangement this can, in view
of the abave, be made directly from tha figures given in the instrurment data
sheets, If, on the other hand, sorme sort of special measuring arranament is
used, or it {5 desired to calibrate a tape recording of the vibration signai for
later amalysis in the laboratory, use can be made of one of the Britel & Kjar
vibration calibrators.

Ono such calibrator is built into the Preamplifier Type 4292 and consists
of a small vibrator operated at the mains frequency, see Fig.5.42, The
¢lectromechanical circuit of the vibrator is, by means of a knob, tuned in
resonance with the mains frequency, and the amplitude adjusted until its
peak acceleration level corresponds to 1 g (acceleration of gravity}. Because
certain difficultios arise in conjunction with the setting of the exact vibra-
tion level this method of calibration is not recommended for use by un-
trained personnel if a calibration accuracy better than some 10% is desired.

Fig.5.42. Photograph of the Briel & Kjar Accelerometer Calibrator and
Preamplifier Type 4292

A sccond calibrator, Brilel & Kjeer Type 4291, is shown in Fig.5.43 and is
considerably more sophisticated in its construction, Here the peak accefer-
ation level of 1g can be read conveniently and aecurately on a builtin
meter, and the vibration freguency is 80 Hz, controtied by an internal
Wien bridge type of oscillator, The dccuracy of the calibration will, when
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Fig.5.43. Photograph of the Calibrator Type 4291

this calibrator is correctly used, be bettor than 2%, Also, the built-in
oscillator can be disconnected and substituted by an external generator for
calibration in the frequency range 50 to 2000 Hz, Provision is furthermore
made for back-to-back calibration of transducers, reciprocity calibration,
and insert voltage calibration,

Note: When the calibrater contained In the Preamplifier Type 4292 or
the Calibrator Type 4291 are used for calibiration checks the peak acceler.
ation level is adjustad to 1 g, Thus, in order to obtain a correct sensitivity

- o
Amplifie
Hm

Amplifier 2606 Preamplilier
2826

ar0rr

Fig.5.44. Measuring arrangement suitable for checking the froquency
response of accelerometors (or complete vibration measurement
Installations) utilizing the Calibrator Exciter Type 4290
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factor {Electrical peak/Acceleration peak, Electrical RMS/Accel. RMS) the
electronic equipment should be switched to measure peak values,

A third Calibrator available from Briiel & Kjxr is the Calibration Exciter
Type 4290, This calibrator has been designed basicaliy to check the frequen-
cy response of accelerometers in the frequency range 50 Hz to 30 kHz,
utilizing a measuring and control arrangement of the type shown In
Fig.5.44. It may also be used for sensitivity calibration by the substitution
method, The maximum attainable acceleration level is, however, relatively
low {of the order of 0.1 g}, Finally, a fourth type of Calibrator aflowing the
calibration of accelerometers at acceleration levels up to 100 over a
limited frequency range Is shown in Fig,5.45,

This calibrator is part of a special vibration test system, see also section
7.3 {Vibration Testing}, and is basically intended for more permanent
taboratory installation.

Fig.5.45, Photograph of a vibration calibrator capable of colibrating vibra-
tion pick-ups up to an acceleration level of 100 g (Brijel & Kjmr
Type 4801 + 4815}
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5.7. Soma Practical Accelerometer Application Considerations.
Maunting Techniques

In section 6,1 it was mentioned that the vibration transducer should load
the structural member on which It is mounted as little as possible, This
requirement, of course, ariginates from the fact that any “extra” load might
change the original motion of the structure and thus involidate the measure-
ment results, |f measurements are made on thin plates use should therefore
be made of small, lightwelght accelerometers (e.g. Briiel & Kjar Accelerome-
ter Type 4344), To allow an estimate of the influence of accelerometer
mass-loading to be mada tha following formula can be applied:

L
m, +m,

acceleration response of structure with acceleromater

acceleration response of structure without accelerometer

equivalent mass [weight) of that “part” of the structure to

which the accelerometer is attached

my= accelerometer mass {weight)

a =

where  a,

o
w
nnao

Alsa, the massloading may change the resonant {requencies of the
structure. If the mass-loading effects turn out to be no problemn the use of a
general purpose Accelerometsr of the Type 4339 or 4343 may be the best
solution in most practical measurement situations,

Having selected the appropriate accelerometer the questian arises: How
should it be properly mounted at the menssurement point? Fig.5,46 shows
some practical answers to this question, Here six methads of mounting are
suggested and the merits of each mathod are briefly described below,

Type 1 mounting is the best solution frequency responsewise, approaching a
condition corresponding to the actual calibration turve
supplied with the accelerometer, If tho mounting surface
is not quita smooth it is a good Idea to apply a thin layer
of silicon grease to the surface before screwing down the
accelerometer. This increases the mounting stiffness.

It Is essential whenevar using a mounting screw, not te
screw fully in as it may introduce base bending affecting
tha sensitivity of the accelerometer,
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! Fig.5,46,  Different methods of mounting of the Accelerometers!
I 1, With steel stud
! 2. With isolated stud and mica washer
i 3. With permanent magnet
. 4, With cementing stud
i 5, Accelerometar stuck on with wax
&, Handhetd with probe

Type 2mounting is convenient when electrical isolation between acceler-
ometer and vibrating body is necessary, It employs the
isolated stud and a thin mica washer, Frequency response
is good due to the hardness of the mica, Make sure that
the washer is as thin as possible (it can assily be split up
into thinner layers),

Type 3 mounting employs the permanent magnet which also gives electrical
isolation from the vibrating specimen. A closed magnetic
path is used and there is virtually no magnetic field at the
accelerometer position, This mounting should not be used
for acceleration amplitudes higher than about 200 g.

Max. 1509C short time,

The hetding force of the magnet avallable from Briicl &
Kjaer has been jnvestigated for various steel plate thickness
and for various thickness of brass (non-magnetic) between
the magnet and the steel, See Fig,5.47.
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Fig.6.47. Holding force of the mounting magnet versus thickness of steel

plate, and versus thickness of intermexfiate brass plate

Type 4 mounting is convenient when a cementing technique is appropriate,

with the possibility of removing the accelerometer from
time to time,

Type § mounting employs a thin layer of wax for sticking the accelerometer

onto the vibrating surface, The wax is delivered with the
Brilel & Kj=r Accelerometer Sets. A frequency respense
curve is given In Fig.5,48a), It is soen that this methed of
mounting gives a very good frequency respense due to the
stiffness of the wax, At higher temperaturas this will
decrease,

Soft setting glues or gum should be avoided hecause of
decoupling and bad frequancy rasponse,

Far minimum weight and optitmum perfarmance one may
also recommend the Eastman 910 cement, marketed by
the Armstrong Industry, or Tixe K-1 manufactured by
Tiox-Tinten und Klshstoffwerk G.m.b.H,, Vienna, Dental
cement epoxy resins are also very useful, especlally in
connection with the cementing stud which is intended for
use in spplications where mounting by cementing tech-
niques is preferred while retaining the possibility of
remaving the accelerometer itself,

Type 6 mounting employs the probe with interchangeable round and
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Fig.8.48.
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Typical frequency response curves for an accelerometer when
mounted according te some of the methods suggested in
Fia.5.46

a) Mounting by means of steel stud

b) Mounting by means of isolated stud and mico washer

c} Mounting by means of permanent magnet

df Handhield with prabe

el Mounting by means of wax

fl Mounting by means of soft glue {not recommended)
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pointed tips, The method may be convenient for certain
applications, but should not be used for frequencies much
higher than 1000 Hz, since the natural resonant frequency
in this case is very low,

Fig.5.48 shows some frequency responsa curves obtalned for the various
methods of mounting. The curves may serve as quide-lines when selecting
the maost convenient mounting type for a particular measurement problem.
In coneluding the discussion on accelerometer mounting technigue it showld
be mentioned that the mounting torque for threaded screws should be
around 18 kg-cm or 15 Ib-in, The accelerometers are not harmed by a larger
torgue but the isolated stud moy not stand more than 30 Ib-in. A mounting
torque of the correct value is applied with a 1Dcm (4"} spanner with
normal pressure an the handle, A 6" or larger spanner should be used with
core. |f a smalier spanner s used, one cannot do any harm to the thread, but
the accelerometer may not be sufficiently well secured, Even though the
selection and mounting of a suitable acceleramoter are important problems
1o be considered in practical vibration measurements, they are not the only
anes,

Because piezo-glectric accelerometers are high impedance devices certain
problems may also arise from connecting cable noise. These noises can
originate either from mechanical motion of the cable, or from ground-loop
induced electrical hum and noise, The mechanically caused noises are some-
times colled “tribo-slectric effects”, or simply "microphonic noise®, It
ariginates from local capacity and charge changes due to dynamic bending
or compression and tension of the cable, and may be particularly disturbing
at lower frequencies. The Briiel & Kjaer accelerometer cables are designed
and treated for noiseless operation. It is, however, always good policy to
clamp the cables as firmly as possible in order to avaid relative mavement,
£ig.5.49, The second noise effect mentioned above, i.e. that of ground-foop

Wromg Corruct The cable should leaw the specimen
ot the point et loweil viblation

\
A\
Y

S

Wan, tape, gpoxy of other type af clahping 2T

Fig.5.48, Clamping of the cable to avoid relative movements {cable
"Wfi'f'p")
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induced noise, may, particularly in large vibration measurement installa-
tions, sometimes pose serlous problems. Fig,5.50a) {lHustrates how a ground
loop is formed, and nolse intraduced {the voltaga drop, A V adds directly to
the, sometimes very weaak signal from the acceleromater). The only way to
avold the formation of ground loops is to ensure that grounding of the
installation is made anly in one point, Fig.5.50b), Where ground loops are
critical the accelerometer should be electrically isolated from the structure
on which it Is mounted by means of the isolated stud and mica washer
{Type 2 mounting, Fig.5.46), Grounding should preferably be made ar the
analysing or read-out device,

aJ iscoctect grodndng

b)) Cansar grouriing

Accaloromater

Al
///;v,r, alation

.1“ Analyrer 2107 anm

Fig.5.60.  flustration of ground-loop phenomena
a) This method of connection forms ground loap and should be
avoided
b} No ground-loop is formed, Recommended method of con-
nection

Finally, an effeet which may sometimes be disturbing when measure-
ments are made of very low frequency, very low fovel vibration should be
mentionad, This is the effect of temperature **shocks” or rather temperature
changes, Even by relatively small temperature changes the output from the
accelerometer may under these circumstances vary at a rate determined by
the time constant of the accelerometer-preamplifier Input eircuit, Normally
this effect will not be noticeable unless the low frequency response of tho
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overall measuring system is adjusted to be linear practically down to DC
{lower limiting frequency of the order of 0,003 Hz), In ordinary vibration
measurements temperature effects as described above need not be con:
sidered,

5.8, A General Meosuremant Scheme

A careful study of the preceding sections of this chapter should enabie
the vibration engineer to select and utilize the moasuring equipment
necessary 10 perform thorough and meaningful vibration measurements in
most of the situations occurring in practice. Thera is, however, one
Important exception, and that is when the "vibrations™ 1o he studied con-
sists of single transients or shocks, The practical measurement of this type
of phenomena is treated in the next Chapter (Chapter &) of the book. A
further study also of that chapter may thus be required bofore measure-
ments are made. On the other hand, whether the vibrations consist of steady
(stationary) vibrations or shocks it might be useful at this stage to outline
somae sort of a general *‘measurement scheme"”, Such o “scheme® is meant as
a help to remember the most important factors in the setting up and use: of
a vibratlon measurement system, rather than as a detailed "turning-of-the-
knebs'” type of procedure,

1. Determine carelufly where to place the vibration transducer, antl its
passible mass-oading effects {Section 5,7),

2, Estimate what types and lewls of vibrations that are likely to be
present at the lransducer mounting point (periodic vibrations,
random vibrations, shocks),

3. Select the most suitable vibration transducer {accelerometer] con-
sidering items | and 2 above as well as envirenments! factors
{temperature, humidity, acoustic and electromagnetic fields), See
sections 5,3 and 6.2,

4, Determine what type of measurement would be most appropriate
for the problem at hand. (Overall measurement of acceleration,
velocity or displacemant, waveform recording, magnetic tape
recording, frequency analysis.)

B, Select the most suitable electronic equipment, considering frequen-
cy and phose characteristics, dynamie range, and convenience of
aperation, See sections 5.4, 5.6 and 6.1,
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6. Check and calibrate the overall system including accelerometer and
connecting cables, see section 5,6,

7. Make a sketch of the instrumentation systom with all type numbers
and serial numbers included, (Section 5.2),

8. Select the appropriate accelerometer mounting method, considering
vibration levels, frequency range, electrical insulation probilems and
ground |oops, See section 5.7,

9, Mount the accelerometer onto the structire, carty out the measure-
ments and record the result,

10, Mate down the setting of the various instrument controf knobs.

If measurements are to be made in liguids or in very moist enviranments
it is necassary to seol the cable entry into the atcelerometer as shown in
Fig.5,51. A good sealant for the cable entry is for example Dow Corning
Sitastic RTV 731 {room temperature vulcanizing silicon rubber) or General
Electric equivalent, These sealants show excellent perfarmance for a wide
temperature range —70°C to + 260°C {-100°F 1o + 500°F).

Deratant
s

(T

A P

hxr

Fig.5.51,  Sealing of the accelerometer cable entry

Note: It is good policy always to check the “back-ground nofse” level of
a vibration measurement system. This can b done by mounting the acceler-
omaeters on a non-yibrating object and measuring the "apparent”’ vibration
level of this arrangement,

To obtain reasonably good accuracy in the actual vibration measure-
ments the “apparent” vibrations should be less than ono third of the
measured vibrations. Or said in other words: The noise “'floor” of the jnstal-
lation should be at least 10 dB below the vibration levels to be measured.
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6. SHOCK MEASUREMENTS AND ANALYSES

8.1. General Measurement Considerations

The measuremont of mechanical impulses and shoeks requires particular
care in the selection of measuring and analyzing equipment,

In some cases the anly quantity to be measured is the maximum acce:lera-
tion occurring during the shock, and the measurement instrumentation Is
selected accordingly, However, very often this infermation is not considered
to be sufficient for a relevant description of the shock motion, and
quantities such as the acceferation-time integral (total velocity change), and
tha spectral content of the shock pulse, must be evaluated, This requires o
somewhat different measuring arrangement,

When it is desirable to make measurements on the shock waveform itself,
and it normally Is, then nat only must the frequency response of the meas-
urement equipment be linear over the frequency range determined by the
spactral content of the shock pulse, but also the phase response of the
equipment must be such that no phase distortion takes place within this
range, The egquipment must furthermore be copable of handling large
dynamic signals finearly, a requirement which normally manifests itself in a
requirement for farge dynamic range,

As the frequency and phase responses of the equipment are Interrelated
quantities, the above requirement for no phase distortlon may ba *trans.
formed” into requirements for the frequency rasponse. Actuolly, from a
theoratical point of view thers will always be an error associated with o
shock measurement when the measuring system does not have an infinitely
wide frequency range. This error is systematic and comes In addition to
other errors such as those resulting, for instance, from calibration inaccura-
cy. The required frequency range for a certain percentage error can be
calculated for simple pulse shapes,

To illustrate how an insufficient frequency response influgnces the result
of a shock pulse measurement, it is convenlent to separate the effect of a
limiteel low frequency response and the effect of a limited high frequency
response,
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Consider first the effect of a limited low frequency response upon the
waveform of an ideal rectangular shock pulse; this is illustrated in Fig.6.1,
Because a [imitation in low frequency response means that there is no static
{DC} transmission through the measurement system, the peak vaiue of the
pulse cannot be held, and towards the end of the wave the amplitude has
dropped an amount 1 — e~ T/RC where T is the pulse duration and RC is
the low frequency time constant of the measuring system. The undarshoot,
Just after the pulso has oceurred, is also equal to this vaiue,

E 3 i

Fig.6.1. Effect of a limited fow frequency response upon the measured
signal amplitude versus time trace of a rectangular shoek pulse

If simitar calcutations are made for the half sine and the terminal pesk
sawtooth pulse, their general shapes will be as shown in Figs,6.2 and 6.3, It
is found that the reduction of the peak, and the undershoot after the pulse
has occurred, are less pronounced with these waveforms,

In order to reduca the error to 5% for example, the factor o—T/RC
should be 0,95 or larger for the rectangular pulse, This gives a value T/RC of

it M 1

srian

Fig.B.2, Similar to Fig.6.1, the shock pulse in this case being of the half
sinetype
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Fig.6.3. Similar to Fig.6.1, the shock pulse in this case being of the final
peak sawtooth type

about 0.05, i.e. tho time constant, RC, should be twenty times the duration
of the pulse. For tha half-sine and final peak sawtooth pulses the RC time
constant should be about twelve and nine times the duration of the pulse
respectively, for the seme error,

If the shock pulse does not have its maximum value at the beginning, i.c.
for a half sine or a final peak sawtooth pulse, there will also be a reduction
of the peak value of the output. For the final peak sawtooth pulse the
reduction in peak value is equal to the undershoot, whereas for a sinusoidal
pulse it is approximately equal to half the undershoot (for reasonably small
undershoots) assuming a low-frequency drop-off in the measuring instru-
ment of the simple RC-type.

Whenever the low frequency drop-off Is steeper than that corresponding
to the simple RC-type (6 dB/octave) the pulse shapo distortion will also
differ from that shown in Figs.6.1, 6.2 and 6.3, It may, for instance, appear
to he of the type itustrated in Flg.6.4.

Fig.6.4 Possible wave shape distortion of a half sing shock puise when the
fow frequency cut-off of the measuring equipment has a rolf-off
which differs from the simple 8 dB/octave {RC} type
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Effects caused by a fimited high frequency resconse of the measuring
system are illustrated in Figs.6.6 and 6.6. Fig.6.5 shows the distertion of a
rectangular shoek pulse when measured with an arrangement having a high
frequency cut-off corresponding roughly to a eritically damped system, It is
clearly noticed that the major distortion of the pulse here consists in in-
adequate reproduction of its leading and trailing edges,
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Fig.6.5. Effect of o limited high frequency response upon a rectangular
shock pulse. The limitation in high frequency response corresponds
in this case roughly to a critically damped system

In Fig.6.6 the effect of a tightly damped resonance type high frequency
cut-off is illustrated, This type of cut-off is present when for instance the
accelerometar resonance determines the high frequency limit of the meas-
uring system, and the leading {and/or trailing) edge of the pulse is sharp
enough to contain frequency companents at or around this frefuancy,
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Fig.6.6. Similar to Fig.6.5, the high frequency response of the measurement
system in this case corresponding to a tightly damped resonance
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On the basis of the ahove theoretical considarations, as well as on the
basis of practical experience, it Is possible to establish certain “rules of
thumb'* regarding the frequency ranga required from a measurement system
for faithful reproduction of shock pulses. These “rules of thumb” are
graphically illustrated in Fig.6.7.
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Fig.6.7. Chart allawing the required frequency range of a shack measure-
ment system to be dotermined when the shock puise length is

known

Befors finishing this brief discussion on general considerations in con-
junction with shock measurements a special phonomenen termed zero shift

should bo menticned,

Zero shift, or DC-chift, may be caused by overloading in the clectronic
circuitry, non-linear amplification, or by a phenomenon known as acceler-
ometer zero shift.
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An exact theory for the acceleromater zero shift is, to the author's
knowledge, not yet established. It seems reasonable, however, to connect
this phenomenon with two physical quantities: 1} A sudden shift in orienta-
tion of some of the piezo-electric domains due to stress concentrations, and
2} A slight shift in contact srea between the piazo-clectric dises and the
accelerometer base. 2ero shift manifests itself by keeping 2 slowly decreas.
ing (relatively small} voltage output from the measuring system when the
shock pulse has passed. Note: Zero shift should not be confused with the
measuring errors discussed in connection with Figs.6.7, 6.2and 6.3,

6.2. Some Basic Shock Measurement Systems

The simplest and most commonly used arrangement for the measurement
of mechanical shocks is sketched in Fig.B6.8 and consists of an accelerame-
ter, a preamplifier and an oscilloscope. To select the appropriate acceler
ometer and preamplifier the considerations regarding frequency response
and dynamic range discussed in seetion 6.1 must be taken into account.
Very often, however, use can be macle of the Briel & Kjsr Accelerometer
Type 4343, with a sensitivity of 10 pC/g and a free resonant frequency of
76 kHz, together with the Conditioning Amplifier Type 2626. The Acceler-
ometer + Conditioning Amplificr combination has a rather low Jow-frequen-
cy cut-off (0,3 Hz} and a seloctable {1, 3, 10, 30 kHz) high frequency cut-

off.

el
s_r__‘b’_—'J o oo B P
Acculorometer Preamplilior Oscllioscope
120 FITH

Fig.6.8. Asimple shock measurement arrangement

If a measuring arrangement with higher sensitivity is required the Accel-
erameter Type 4343 may be substituted by Type 4338, This Accelerometer
has a sepsitivity of 100 pC/g, but it5 resonant frequency Is considerably
lower than that of Typa 4343, Also the weight of Type 4338 is greater, and
it may therefore inftuence the behaviour of the mechanical system on which
it is mounted. On the other hand, if sensitivity is no problem but weight is,
use can ba made of the light weight Accelerometer Typed344, see also
Fig,5.21,
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By calibrating the oscilloscope, both with respect to the time axis and
with respect to the voltage axls, and photographing the displayed pulse, it is
possible to determine not only the maximum aceeleration invelved in the
shock but also the acceleration-time integral. 1f a permanent record of the
shock time history is not required use can be made of a so-called storage

oscillascope,

In cases where it is desirable to determinoe the maximum acceleration
anly, the oscllloscope shown in Fig.6.8 may be substituted by the Measuring
Amplifier Type 2607, Fig,6.9, This instrument has an extremely fast
response to pulses, and will correctly measure and hoid the peak value of a

signal with a rise time as low as 20 psec,

Measuring Amplifier
4343 2826 2607

Accelerametor Preamplifior
271598

Fig.6.9, Arrangement suitable for the numerical measurement of maximum
shock values (+ peak, —peak, max, peak)

When the time history of the shock is known for instance in the form of
a photographic oscilioscope record, it is possible, by means of mathematical
appraximations, to determine the corresponding Fourier spectrum,

As stated in section 2,3 this kind of information (spectrum) is very
importont for judging the effects of the shock on the mechanical system in
which it occurs, It is, howaver, normally casier to record the shock pulse on
magnetic tape and perform the required frequency analysls electronically
rather than to carry out mathematical computations from a graphic record

of the time history,

it

.,
Accelsromelgt Preampifior
4343 rovdi]

1
27599
A measuring system allowing the shock pulse to be recorded on

Fig.6. 10,
magnatic tape for later analysis
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A measuring arrangement capable of recording tha shock on mognetic
tape is shown in Fig.6.10. Use has here agaln been made of the Canditioning
Amplifier Type 2626 and the Accelerometer Type 4343,

The Tape Recorder Type 7001 is of the F.M, {frequency modulation)
type so that no “extra” low frequency limit js intreduced due to the
magnetic recording system. A further advantage obtained by utilizing the
Tape Recarder Typo 7001 is the possibility it offers for frequency trans-
formation during later analysls, This will be further discussed in soction 6.3,

6.3, Frequaney Anolysis {Fourlar Analysis) of Shack Pulses

By far the most frequently used type of analog shock pulse analysis in
practice is based on sequential filtering of a tape recorded signal,

Such an analysis can be made in basically two different ways, However,
according to both mothoads the tape containing the pulse is played back and
the signal applled to a tunable very narrow band Filter,

One method then consists in applying the pulse signal to the analyzing
filter once per filter position, while the sacond method consists in repeating
the pulse periodically by means of, for Instance, a very short, closed tape
loop.

The first method involves, theotetlcally, the evaluation of an integral.
The second methed, on the other hand, involves the time averaging of a
periodic signal,

Normally the averaging is made (theoretically} over one period of the
{periodicallyl repeated signal, so that the difference in results obtained by
the two mathods depends purely upen the period of repetition, This, of
course, presupposes that the same type of filters are used in both cases, see
also chapter B, scction 8.5,

Assuming first that the analyzing filters are of the constant bandwidth
type (for instance the Brilel & Kjer Heterodyne Analyzer Typa 2010) the
two different types of analysis can be exemplified as follows:

The first method Is based on the technlque discussed in Appendix G,
where it is shown that an estimate of the Fourier spectrum (Fourier
integral) of the puise at a particular frequency, can be obtained by meas-
wing the peak value of the output of the very narrow band filter tuned to
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Fig.6.11. Measuring system suitable for frequency analysis of a tape
recorded shock pulse, Note the olsctronic gate used to suppress

tape splice noises

that frequency, see Fig.6.11, By shifting the center frequency of the filter
the complete speetrum can be determined.

Fig.6.12b} shows the result of applying this technique to a rectangular
pulse, and recerding the data on a graphic Level Recorder Type 2305, The
measuring amplifier used to detect the pealk value of the filter output was

here the Briiel & Kjier Type 2607,

To calibrate the recording shown in Fig.6,12b} it should be remembered
{Appendix G} that the Fourler spectrum density at the frequency f, is

F{fy) =—MA—[F2 ';” e

where Fy ¢ ()., Is the peak value measured as described above, and A f is
the filter bandwidth,

As shown In Appendix G this expression is only correct when Af@%—(T
is the time duration of the pulse). In practice AT should be of the order of
-si.r—(or smaller} to render satisfactory measured results, When the pulse is

recorded on magnetic tape this requirement should, however, pose no
serious problem as it is always possible to transform the time scale of the

pulse by asuitable tape speed transformation.

The method of peak measurements described above may be the simplest
way to obtaln a calfibrated estimate of the pulse Fourler spectruem, However,
also average absolute or RMS-detection of the filter output signal can be
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Fig.6.12, Results of frequency (Fourier} analysis of a rectangular shock
pulse
a) Theoretical frequency spectrum
b} Spectrum obtained by measuring the peak value of the out-
put from a sweeping, narrow band filter
¢} Spectrum obtained by squaring and integrating the output
from the sweeping filter
o} Spectrum obtained by transforming the single puise into a
periodic signal and frequency analyzing the resulting periodic
signal
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rolated to the Fourier spectrum value, provided that certain requirements as
to the averaging time of the detector circuits are fulfilled {Appendix G), The
calibration of the recording Is, on the other hand, In this case somewhat
more complicated,

Finally, the output from the filter can be squared and integrated,
theoretically from —o° to o9 in practice over the period of time that the
filter responds to the pulse, Fig.6.12c} shows an example of a recording
obtained by the squaring and integrating method, Note that the values
marked on the ordinate therefore reoresent time integrals of the squared
signal magnitudes.

The second method, where the tape is made Into a very short closed
loap, thereby transforming the single pulse into a periodic signal produces
analysis results as illustrated in Fig.6.12d), Here the ordinate values are
RMS-values of the filtered signal, and the periodicity of the signal manifests
itself in that the measured spectrum cansists of diserate components, The
distance betwoen tha spectral lines is determined by the pulse repetition
frequency, which again Is determined by the tatal length of the tape loop
and the tape spoed wsad, For the case shown the repetition frequency was
4,2 Hz, correspanding to a tape foop length of 362 mm and a tape speed of
60 per secopd, This tape loop length was obtained by mounting the Tape
Recorder Type 7001 with a special Joop adaptor,

In the utifization of a frequency analysis technique of the type just
deseribed, and exemplified in Fig.6.12d), there are many practical limita-
tions, some of which are briefly discussed below,

Firstly, to be able to properly frequency analyzo a periodic signal it is
necessary that the distance between the discrete spectral lines is larger than
the analyzing bamiwidthr, In Fig.6.12d) the analysis bandwidth was 3,16 Hz
which, with a signal repetition frequency of 4.2 Hz, gives reasonably good
results, Tha signal repetition frequency of 4.2 Hz was the highest repetition
fraquency which could be abtained on the Tape Recorder 7001 by relative-
Iy simple means.

Secondly, if the duration of one period of the repatition frequancy is T
ant the duration of the pulse is T, then tha ratio T/T, is subject to rather
strict limitations, As can be seen from Fig.6.12al the zeros in the theoretical
pulse spectrum occur with frequency intervals of ‘IITP. To be able to obtain
more than ong spectral line between successiva minima, the ratio T/T, must
therefore be larger than one. Experiments have shown that some g lines
between minima seem to give a sufficiently good resolution of the spectrum,
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On the other hand, the larger the ratio T/Tp becomes, the smaller becomes
the availoble dynamic range for the analysls, A too large ratio, T/T,, must
also be avoided due to crest-factor limitations In the measuring and anolyz-
ing equipment. As a practical compromise a T/T,, ratio between 3 and 6 is
recommended, To abtaln this vafve in practice use must often be made of
tape speed {ransformations, This immediately brings about a further limita-
tion because the tape speed is closely connected with the available frequen-
cy response for recording.

Thirdly, therefore, the frequency response necessary for proper recording
of the pulse must be duly considered In conjunction with the tape speed
transformations necessary to achieve the required repetition frequency for
analysis, As long as recording, tape speed transformations and play back for
analysis are mode on one and the same tape recorder, frequency response
problems are, once solved, automatically taken care of during speed trans-
formations, If, en the other hand, the pulse is recarded or one tape recorder
and later transferred onto another tape recorder, the two recorders running
at different speeds, then frequency response requirements must be carefully
considared,

Ona problem which has to be solved before a praper frequency analysis
of the above described typo can be made in practice is the supjression of
unavaldable tape splice noise pulses. When the tape s made into an endless
loop the splice will normally cause extraneous noise pulses to occur during
playback, and one of the best methods to suppress these undesired pulses is
to use a Tape Signal Gate Type 2972 as indicated in Fig.6.11.

In the above discussion on the frequancy analysis of pulses (shocks) in
practice the analyzing filter was assumed to have constant bandwidth, i.e.
the bandwidth of the filter was independent of the center frequency to

Aln=1 atn Alny ) v punes
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Fig.6.13.  Nlustration of the effect of using constant percentage band-
width type filters in the frequency analysis of shock pulses
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Fig.6.14. Typical frequency spectrum of a rectangular shock pulse meas-
ured by means of 1/3 octave fitters. (Pulse duration 60 msec)

which it was tuned, Now, what would he the implications if the filter was of
the constant percentage bandwidth type, for instance a 1/3 octave filter?
Actually this problem has been touched upon in Chapter 5, section 5.5, and
involves the simultangous measurement of several spectral components, see
Fig.6.13. If these components, during measurerment, are summed on energy-
basis {RMS-measurements) the measured spectrum for a square-shaped pulse
will took as shown in Fig.6.14, By applying a “correction” of the type
indicated in Fig,5.15 (and in Fig.5,33), the spectrum, Fig,8,14, can be trans-
formed Into a spectrum of the same overall shape as that measured by
maans of constant bandwidth filters and shown in Fig.6.12. If any other
type of measurement than RMS-measurements of the signal companents are
made, however, no such transformation is possible and the shape of the
measured spectrum will depend greatly upon the particular measurement
instrumentation used,

Finally, a special mathod of pulss frequency analysis [s based on the use
of the Briiel & Kjmr Real Time Analyzer Type 3347,

When the pulse is applied, once only, to the input of the Analyzer a
complete frequancy spectrum, in terms of 1/3 octave frequency bands, is

— ™
OnocanrpédoENOopadVocdUooODDOnoODoACcOoRd bopUucouoenaGbNaGa
— M

bntin ciiller

Ty, L el

13 =T

o
T

L ]
oo i

-LLCE ) w
Fig.6.15. Application of the 3dB/octave correction to the spectrum
shown in Fig.6.14
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displayed instantly on the screen of the instrument. The built-ln analog-to-
digital canverter also makes a direct digital computer processing on the
measured spectrum possible {Chapter 5, section 5.2). There are, however,
rather strict limitations as to the pulse duration and frequency range
invoived when the Real Time Analyzer Type 3347 is used for pulse analysis,
and interested readers are referred to the Brile) & Kfjar Tech. Rev. No. 1,

1970 for further details,
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7. SOME METHODS OF SHOCK AND VIBRATION CONTROL

7.1, Isolation of Vibrations and Shocks

Undesirad vibrations and shecks may originate from a great variety of
sources, such s unbalance and reciprocating maotions in mechanical
machinery, aeradynamic turbulence, rough sea movements, earthquakes,
road and rail transportations, rough handling of equipment, etc,

Even though ideally all undesirable vibrations should be elimipated at the
source it js obvious from the above “list of sources that this may be
possibile only in very few cases, |n other cases, however, it may be possible
te “isolate” the source by means of shock and vibration isolaters, or to
reduce the shock and vibration effects by means of effectively designed
vibration absorbars, or the use of damping treatmants.

On the other hand, “natural” vibration sources like aerodynamic
turbulance, rough sea movements and earthquakes cannot be “jsolated” in
the usual sense of the word, The only way to diminish undasirable vibration
offects originating from these types of sources is to “isolate” the equipment
upon which the vibrations may cause serious damage,

Now, whether it is the source or the equipment that s going to be
isolated the physical principles involved are similar,

a} Vibration Isolation

Flg.7.1 shows the "universal” solution to isolation problems, i, the
proper mounting of the source {machine), Fia.7.1.a, or the equipment,
Fig.7.1.b, on springs and dampars, {If the springs consist of cork or rubber-
like materials damping is automatically built-inte the spring in the form of
internal material damping).

4
Consider first the vibration /isolation of the source, Fig.7.1,a,

The equation of matien for the maoss, m, in the system, Fig.7.1.a, was
formulated and solved in Chapter 3, section 3.1 for an arbitrary sinusoidal
force, F, efwt; v

x{w)= H(w) F,elwt
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Fig.7.1, Nlustration of the basic principles involved in vibration isolation,
i.e. The mounting of the machine {equipment), m, to be isolated
an springs and dampers
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where H{w) =

“We
o

In the case of vibration Isolation one normally s not interested in x (w)
but rather in the force transmitted to the foundation, This force is the
vectorial sum of the force transmitted through the spring element and that
transmitted through the damper, ie.:

= LI dlxid] | [wta)
Fritls kx+te o kx{ch—m-—— Fy et

Fy eftwtred = [iH () + JueH (w]] Fy dw?

whereby: k c
F e

=i ej“ a T= _.r.n__...Ln__.T__

o wol—w?tj-Lw

where T Is the force transmissibility., A slight manipulation with this
equation results in

1_ iz

\] 1+02(f01
ERTLIRY 27 SR S Y
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Here f, Is the natural undamped resonant frequency of the spring-mass

fti=

system and 31-35 ameasure of the system damping:
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1 [+ [
RN, =

£ = damping ratio

c. = critical damping coefficient (e, = 2 Jkm)

Flg,7.2 shows a graphical representation of the formula given for [T for
various damping ratios,

The basic principle of vibration Isolation now consists in selecting a
spring mounting so that the natural frequency, f,, of the spring-mass system
is considerably lower than the lowest frequency component in the forcing
spactrum produced by the machine.

a q1 an
Rallo - iimped fatural Fraqoancy

f
Fouging frequancy 1",
I

Fig.7.2. Curves showing the absolute transmissibitity as a function of the
frequency ratic f/f,, for various damping ratips
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With regard 1o the choice of damping ratio this should be setected with a
view both to giva a relatively low transmissibility amplification at the spring-
mass resonant frequency, and to give satisfactory isolation {low trans-
missibility) at frequencies well above resonanco.

There are, however, other factors which enter the picture in practice.
Some of these are briefly discussed in the following,

A machine which is mounted on four springs as shawn in Fig.7.3 may
gxhibit more than one degree-of-freedom in its motion. Generally speaking
itis a six degrees-of-freedom system, in that it may have transtatory motions
in three directions, as well as rotary motians about three mutually per-
pendicular axes. {seo also section 3.3). In selecting a proper isolation mount-
ing the lowest frequency component in the forging spectrum of the
machinery must then be considerably higher than the highest resonant fre-
quency of the (multi-degrec.of-freedom) mounting system,

Foundation A

Fig.7.8. Sketch of a machine mounted on four springs

Ancther factor to ba considered is the /ateral stabllity of the mounting
system, This, In many cases, sets a limit to how soft the mounting springs
can be chosen. In practice a resonont frequency of the simple spring-mass
systemn, Fig.7.1 of the order of 5 — 10 Hz is often used,

At high fraquencigs so-called “wave’’ effects may sometimes occur in the
mounting springs. These are dug to longitudinal standing waves {chapter 3,
section 3.6} in the springs. They seem, however, not to pose too serious
problems in practice when the springs are produced from materials with
retativaly high internal damping. A curve illustrating theoretically the
concapt of wave-effects is shown in Fig.7.4,

147



Trangmaddy

Hevns !
(Nelural ruldar] N : .
e ‘ans 7\\ ﬁ

+ LY
QR - - \§<

l
Mautme wolatet — - —— - — \\lit\r.

Y
\

v

%
Lty t1 Vel ! \'Jx'm
" . F trmparncy, -
. atf -
Hatis g ity rwtara bodieicy e

Fig.7,4. Curves showing wave-effects in isolators

Another effect which may be of some concern in the design of practical
vibration isolation mountings is the effect of foundation reaction. In the
above discussion the foundation has been assumed to be infinitely rigid, i.c.
the mation of the mass, m, In Fig.7.1.a, is completely taken up by the spring
and the damper, This is not always the case, although In many practical
situations it may represent a proper approximation,

A somewhat better approximation is to represent the foundation in the
farm of a mass which is able to move in the X-direction, Fig,7.5, By solving
the differential equations of maotion for this system one finds that the
resonant frequency is now:

m

o = 5 1 +—a—-
where f, is the "original” resonant frequency of the system with mass, m,
and spring k (B =9od, If the foundation is best represented by a plate a

theoretical treatment of the situation involves the theory of structures
{chapter 3, section 3.8) and may becoma exceedingly complicated,
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Fig.Z.5, Hlustration of the approximation of the machine foundation by a
mass, B

A practical approach to vibration problems of the type sketched in
Fig,7.1.a,is to frequency analyse the vibrations produced by the machine.
From the measured {or estimated) spectrum the lowest frequency com-
ponent to be "isolated"” can be determined,

By then utilizing the curves, Fig.7,2 the resonant frequency of the
mounted system, as well as the damping, necessary to provide sufficient
isolation can be estimatad, .

To find the stiffness required from the isolation mount {(spring) when the
desired resonant frequency has been datormined the formula;

k = 0,04 x P x f,2 kg/em

can be used, Here P s the weight of the machine to be isolated in kilograms
and f, is the resonant frequency of the machine and fsolation mount
systern, Figs.7.6, 7.7 and 7.8 illustrate a practical case. In Fig, 7.8 the fre-
quency spectrum maoasured on a rotating elactrical machine Is shown, while
Fig.7.7 shows the measuring arrangement used, From the spectrum, Fig.7.6
it Is seen that the major vibrations {accelerations] are found in the frequen-
cy range from around 200 Hz to just above some 1000 Hz, Although there
are some disturbing vibrations also at frequencies lower than 100 Hz, an
effective vibration isolation js relatively easy to obtain in this casa,

If the resonant frequency of the Isolated system fs chosen around 10 Hz
the fsolation of frequoncy compaonents higher than 100 Hz will be nearly
perfect, and this is taken as a basis for the isclation design. Sinte, in general
it is necessary to use at least four vibration Isolators in practice, Fig.7.3,
gach of the isolators carry only one fourth of the total weight of the
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Fig.Z.6. Vibration frequency spectrum produced by a rotating electrical
machine

machine, For the machine in question which has a total weight of 8 kg this
means that each isolator will carry a welght of 2 ka. The required isolator
stiffness then becomes {see formula above) :

k = 0,04x2x 10?2 =8 kg/em

From tha manufacturer's catalog it was found, however, that he did not
supply a vibration isolator with exactly this stiffness, and use therefore had
to be made of isolators with a stiffness of 1.2 kg/mm.

Actually, it should be mentioned here that most vibration isolator
manufacturers do not publish their data in terms of stiffness but rather in
terms of the static deflection corresponding to a certain {maximum) statie
load, If it is assumed that the Isalator in gquestion behaves linearly the
stiffness can, an the other hand, be readily estimated from the manufac-
turer's data by means of the simpte relationship,

Sarcitomelar
2113

Levet Aucotder
2305

T

ﬂlll
Fig. 7.7, Meosuring arrangernent used to determine the frequency spectrum
shown in Fig.7.6
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Fig.7.8. Curves showing the effect of vibration isolation
a) Vibration frequency spectrum produced by the machine
b} Vibration frequency spectrum measured o the foundation after
isolation of the machine

P (max)

d {max)
whate P is the weight of the machine per [solator and d is the static deflec-
tion produced hy this load. In the ahove example the maximum weight per
isolator was givan by the manufacturer to be 3.6 kg, and the corresponding
deflection 3 mm thus

K =%= 1.2 kg/mm = 12 kg/em

It Is now necessary to check how this influences the resapant frequency
of the isolation system, Rearranging the expression k= 0,04 x P x f,:,2 gives:

I+
f, = 25[;(!:= 2.:;12= 12.3 Hz

Considaring that the major frequancy components to be [solated are
considerably higher than 12,3 Hz this change in resonant frequency is quite
acceptable. The resulting isclation can be seen from the curves Fig.7.8, Here
the curve a) corresponds to that shown in Fig.7.6, while the curve b} was
measured on the foundation after isolation of the machine.

Actually, the curves Fig, 7.8 have been recorded automatically in terms of
decibels. The decibel s a logarithmic measure for a ratio, in this case:

X
dB= 20logq (X—;!
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where X, and X, ore RMS-values of the vibrational quantities involved. The
use of decibels {logarithmic measures) is very often advantngeous in
technical problems involving large dynamic ranges, due to the constant
refative accuracy obtained by this method of data prasentation, It is widely
used in the fields of electronics, communications and acoustic noise meas-
urements, and it is at present becoming more and more popular also in the
fields of vibration measurements and technalogy. A further discussion on
the use of decibels is outlined in Appendix 1.

Befora leaving the subject of vibration Isolation of mechanical (or
glectricall machinery a few further considerations should be briefly touched
upon,

Firstly, it is important that the vibration isolators are placed correctly
with respect to the motion of the center of gravity of the machine, see
Figs.3.11 and 7.9,

e e Bl e e

h Waching |
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| Comer ot graviy l
' \
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=
005777

Fig.7.9. lllustration of proper mounting of the machine, The vibration
isalatars should be placed symmetrically with respect to the conter
of gravity of the motion

Secondly, the center of gravity of the machine should be located as low
as possible, If serlous rocking™ effects {saction 3.3}, ot other instahilities,
become a problem in the mounting, the effective center of gravity may be
lowared by first mounting the machine on a heavy mass and then isolating
the mass + machine, Figs.7.10 and 7,11, Fig.7.11 actually also illysirates the
socalled principle of the "floating” floor,

Thirdly, it Is possible, by means of a compound vibration isolation
system, Fig.7.12, to obtain a force transmissibility characteristic which gives
greater attenuation for frequency components above the (compound}
systemn resonances than does the “simple"” system discussed above, see
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Fig.7.11. Sketch showing how the addition of mass is utilized in the
socafled “floating’ floor

Fig.7.13. The design of such compound systems is, on the other hand, more
somplicated and criticet than the design of a "simple” vibration isalator,

For readers, who are familiar with electrical filter theory and electro-
mechanical analogies the design problems involved may, however, not seem
too formidable,

Returning now to the second "case” of vibration Isolation, i.e. the case
where an equipment isto be isolated from a vibrating foundation, Fig.7,1,b,
the equation of mation for the mass, m, Is:

d2x dix — %)
m dtz+c—-dt +kix—=xy)=0
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Fig.7.12.  Hiustration of a compound system

Again solving the equation for an arbitrary sinuseidal foundation vibra-
tion x, = X, &l results in:

wuz—w2+i%’-w

x = X
_k + iw .(_:... @
m m
or 1 §
\ 1 g 1R
Q2 'f
- = 0 =1l

o[-

Thus the displacement transmissibility is now glven by exactly the same
relationship, [T], a5 was the force transmissibility in the case where the
vibration source was going to be isolated from the foundation, Simple
manipulations with the above formula shows that the same relationship is
also obtained for the velocity and acceleration transmissibility of the system
Fig.7.1b.

The transmissibility formula {and the curves shawn in Fig.7.2} are there-
fore generally valid in vibration isolation preblems, This again means that
the same procedures as outlined in the foregoing are involved In designing a
vibration isolation system whether it is the source or an equipment that is
going to be jsolated.

There is, howaver, cne significant difference which should be borne in

mind, {n determining the vibration frequency spectrum of the source
Fig.7.12 and Fin.7.6, the effects of internal resonances in the machine are
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Fig.7.13, Transmissibility curves illustrating the difference in trans-
missibitity between the simple and the compound system

sutomnatically taken into account, As the foundation on which the machine
{and isolator) Is placed is assumad te exhibit no disturbing resopance the
isolation problem consists here simply in selecting an isolator/machine con-
figuration with a resonant frequency, f,, which is low enough to ensure
sufficiant isolation of the forcing frequency components,

When the vibrations originate in the foundation and are transmitted to an
equipment Fig.7.1b, it is not ondy important to know the forcing vibration
frequency spectrum, but also the internal resonances in the equipment,
These may be exeited and could cause setious damage, even If the exciting
frequency components are heavily attenuated by the vibration isclation
system, This is due to resonance smplification effects within the equipment
itsalf, I is therefore necessary when an effective vibration isolation system
is to be designed also to fake such internal equipment resonances into

accournt,

If these resonances cannot be predicted theoretically the equipment may
be subjected to a vibration test [see section 7.3} prior to the design of a
proper vibration isolation system, By means of suitable vibration testing,
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dangerous resonances and their effects can be detected experimentally, and
corresponding isolation criteria established,

b} Shock Isolation

Even though the principies involved in shack isolation are very much
similar ta those involved in vibration isolation seme differences exist due to
the transient nature of a shock. The reduction in shack severity, which may
be obtained by the use of isolators, results from the storage of the shock
energy within the isolators and its subsequent release in a *smoother" lorm,
However, the epergy storage can only take place by deflection of the
isolators,

As a shock pulse may contain frequency components ranging from 0 to
o it [s, generally speaking, not possible to avoid excitation of the isolator/
mass resonance, On the other hand, if the duration of the shock pulse is
short In comparison with one half period of the isolation system resonant
frequency (fy/, the response of the system may not haw serious con-
sequences. This may be best lllustrated by means of Fig.3 17, section 3.5,
and the shock response spectrumn type of deseription, also outlined In
section 3.5,

In this case the shock response spectrum of greatest interest is the so-
called maximax, or overall, spectrum {section 3.5). Fip.7.14 shows the maxi-
max shock spectra for the three types of shockpulses discussed in section
3.5. From the figure it can be seen that as long as the resenant frequency,

e Of the solation system is considerably lawer than 21.{. whare T Is the

duration of the shock pulse, the shapes of the maximax spectra are quite
similar, This Is in conformity with the statement mada in Chapter 2, section
2.3 that "when the duration of the shock pulse is shert compared with the
natural period of the mechanical system on which it acts, the severity of the
shock Is determinod by the area of the shack pulse alene”. |n Fig.7.15 the
staternant may be illustrated even clearer in that hera the three maximax
shoek spectra shown in Fig.7,14 are redrawn to scales where the ordinate Is

no longer SUN/F but Sif)/~-f F (0t
0

f F (¢} dt is the area of the shock pulse and——[ F (1) dt is the “effective

puisa helght, see Fig,7,16. Fig.7.15 may acluailv ba used as basis for the -

design and evaluation of an undampud shock Isolation system, as described
below. Consider first the system shown In Fig.?2,17a, which Is actually the
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Fig. 7,14,  Maximax foverall] undemped shock response spectra for
rectangular, final peak sawtooth, and holf-sine shock pulses

same system as shown in Fig.7.1a, hut without damping, Let the timae
dependency of the force F (t), in this cose be as indicated in Fig.7,18a,

The maximum force acting on the foundation F, can now be found
from Fig.7.18k and Fig.7,15, provided that the resonant frequency, f,, of
the system Fig,7.17 is known, Assuming that this is f, = 1/10°T the maxi-
mum farce acting on the foundation is found from Fig,7,15 to be spprox-
fmately 0.6 times the "effoctive’ foree, Fig.7,18b, i.a,:

Maximum force “response” = 0.6 Fy = F,

The maximum displacemant of the mass, m, is equal to the force divided
by the stiffness, k, of the isolator:
F,_06F,
k

=l
X, =

k
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Fig.7.18. The first part of the maximax shock-response spectra shown in
Fig.7.14 redrawn to differsnt scales. Actually the spectra are
here normalized to pulses of the same “effective” height

As the motion of the mass will consist of an oscillation with a frequency
aqual to the natural frequency (resonant frequency) of the isolation system
the maximum velocity and acceleration of the mass, m, can then be found
directly from the relationships:

= B e = Wy X, =27 M= 12 7 fban
o ¥ & K 6

vr IWI max

and 2
a = |%{§rf max = WoZx =477 fn2"EL" 2412 foz“ED"
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Fig.7.17.  Sketch of basic spring-mass systems (without damping)
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Fig.7.18.  Shack force puise acting upon the system shown in Fig.7.17
al Actual shock pulise

b) "Effective” shock pulise

When the forcing function, £ (t), is unknown, or difficult to measure, it
Is often convenient by means of an accefcrometer to measure instead the
scceleration, a., of the mass, Calculations may then be performed “back-
wards” to determine the “effective’ force, F, as well as other quantities of
Interest, .
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{f viscous damping Is included in the isolation system, and it normally is,
the above calculations must be modified,

Starting again with the maximax shock spectrum for a damped system,
such a "spectrum’ is shown in Fig.7.19 for half sine shock pulses, In this
case, F,, is found from Fig.7.19, utilizing thet curve which corresponds to
the damping included In the system. The relationship between F, and X, is
however, in this case no longer quits so simple beeause F, is the vectorial
sum of the forees transmitted through both the spring element and the
damper {Fig.7.1a).

1
Aesonanre frequancy ——= o

Fig.2.19, Damped shock response spectrum for half sine shock pulses
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Also, because of the damping w, Is no longer simply equal to | ﬁbm
rather*}s

w = ESTE

where

Taking thesa factors into account the maximum displacement, X, of the
mass, m, hecomas:

F
Utilizing the refationships between x, v, and a, one has:
oo JES-F F
o\ T

and R
S ol S %
1+(2g m ‘
When the shock pulse duration is no longer short compared with one half
period of the isolation system motion, utilization of the shock spectrum
technique becomes somewhat more complicated,

It seems, howaver, that utilization of the “spectrum® shownin Fig.7.19
and the methed of estimation described above for damped systems may
result In reasenably good approximations to actual practical problems.

in conjunction with the practica! application of shock isolators certain
facts should be noted:

Firstly, as mentioned above, reduction in shock force transmissibility can
only take place by allowing the Isolator to daftect, i.e. by motion, Thus
certain space clearances must be allowed for the isalated equipment.

Secondly, |f the resonant frequency of the jsolation system is chosen
Incorrectly the {solator may ""amplify" the destructive effects of the shock
rather than provide the desired isolation,

*) Actualty this differunce In resonant froquency between dampod and undamped
resanences also applies to vibration isolotion systems, Howevar, the domping in-
clutlod in thoae systems in practice Is often s smnll (£ < 1) thot the resonanca shift
may be naglected In the colculations.
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Thirdly, if the isolator turns out to have unexpected non-linear
characteristies {and many practical isoletor materials do perform non-linaar-
Iy} a great number of “extra” response effects may take place,

In some cases isolators are, on purpose, designed to be non-linear, If, for
instance the space (imitations do not allow for the required {Jinear) motion
of the equipment one may be tempted to employ non-linear isolators of the
"hardening'* spring type {see also Chapter 3, section 3.2, and Appendix CJ,
These kinds of isctators will, when deflecting into the non-inear region,
firstly change the resonant frequency of the isolation system (fy increases
with increasing isolator deflection), and secondly produce a number of
harmonic force components which may excite intornal resenances in the
isolated equipment. Also the geak acceleration of tha equipment may be
coensiderably increased by the use of "hardening” spring type isclators,

Cn the other hand, if the isolation system contains a fair amount of
damping the deteriorating effects mentioned above are drastically reduced,
Thus, a heavily damped, “hardening” spring type isolation system may in
some cases provide the appropriate solution to a difficult isolation problem.

Another type of nonlinear shock fsolators are these with “softening”
spring charactaristics. These are found less frequently in practice, but thair
main advantage is to very coffectively reduce the transmitted force on
account of large deflections. In cases where equipment is be protected
against one severe shock only, use may profitably be mads of “softening'’
spring isolators. An oxample of where *softening spring isolators are
utilized is the landing system of tho american Lunar Excursion Module

{1869},

It shauld also be mentioned that, in analogy with vibratlon isolation
systems, also shock isolation may be provided in the form of compound
systems {Fig.7.12), This seems, however, to be less frequently utifized in
practice than the case is for compound vibratjon isolation systems,

Finally, to give the reader an idea of soma important characteristics and
features of commonly used isolators the tabfe given below has been repro-
duced from R.H, Warring (edt.): "Handbook of Noise and Vibration Con-

trol”,
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7.2, Dynamic Vibration Contral and Vibrotion Damping

tn the previous section the baslc aspects Involved in the /fsofation of
vibrations and shocks have been outfined. There are, however, practical
cases where the isolation of the vibrations is not suitable, ar difficult to
arrange, and other methads of vibration reduction must be sought, One way
of reducing the vibration may then be to utilize the principle of the
dynamic vibration absorber, This principle can, in general, only be used
effecttvely whan the “original” vibrations cortain one major frequency
companent only {or they consist of a very narrow band of frequencies such
as a lightly damped, randomly excited single resonance).

If vibration reduction is to be achieved in cases of randomly excited
multi-degree-of-freedom  systems (plates and beams) the application of
dynamie vibration absorbers fs normally complicated and use is then prefer-
ably made of some sort of general damping treatment,
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a) The Dynamic Vibration Absorber
The basic physical principle of the dynamic vibration absorber is that of
attaching to a vibrating structure a resonance system which counteracts the

original vibrations. /deally such a system would completely eliminate the
vititations of the structurs, on account of its own vibrations,

Abwibet syitem @ __________ .
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Fig.2.20.  llustration of the grinciple of the dynamic vibration absorber
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Fig.7,20 iflustrates these ideas. The mass, M, is here assumed to be the
mass of a ({rigid) machine structure producging the vibrating force,
Fo 8in {w t). The machine is mounted on a vibration isolator with a stiff-
ness, K. Attached to the machine is a resonance {dynamic absorber) system
consisting of the mass, m, and the spring element, k. It is now a simple
matier to write down the equations of motion for the complate system:

ML x, -k = Fy sl
gz TR - (x5 — %4} = Fy sin {wt)

d‘“’xg .
rn-th-H( (x2~x1) =0
Assuming that the stationary solutions to these equations can be written

xy= Ky sin {1
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and
xg = Xg sin (wt)

then 2
k % k P
LR o7 SR
{1+ K M K 1 X%y K X5 K
and

st — {22
Xy % [1=Z02] %y

where w, = \’ TE = resonant angular frequency of the attached {absorber)

system,
By satting
-2 = =
1 (wnl 0fef,=f

the mation, X,, of the machine will bo zero, ie. the machine will not
vibrate at afl, The maximum amplitude of the mass, m, is in this case:

k P P
—— —2 = 0
7 Xz = K .2, X:_, K

This again means that by tuning the absorber system resonant fraquency
to equal the “disturbing” frequency, the vibration of the machine can be
eliminatad,

Actually, In practical cases the "disturbing” frequency region often
cavars the resonant frequency of the machine-Isolator system, and both the
absorber and the [solation system contain some mechanical damping. The
equations of maotion for the complete system then become considerably
maore complax, and so do their solutions,

Figs.2.21, 7.22 and 7,23 illustrate the effects upon the vibration trans-
missibility of a machine/isolator system when the machine is supplied with a
dynamlic vibration absorber,

From Fig.7.21 It is seen that when the complete system contains no
damping at all and the absorbar system Is tuned to the rasonant frequency
of the machine/isolator system the transmissibility at this frequency is zero,
In conformity with the above statements and mathematical derivations,
However, on bath “sides’” of the resonant frequency two, theoretically
Infinitely high, transmissibility “peaks’ are found. The shape of the curve is
caused by the dynamic coupling between the machine/isolator system and
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Fig.Z.21.  Theoretical transmissibility curves for a vibration isoloted
system supplied with an undamped dynamic vibration absarber,
see also Fig. 7,20
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Fig.2.22, Effect of extreme absorber damping upon the transmissibility
ratio of an undamped machine isolator system
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Fig.2.25.  Transmissibility of a machine/isolutor system when the machine
is supplied with a damped vibration absorber. The degree of
champing is indicated on the curves, (Snowdon)

the absorber system, Coupling offects of this sort is quite common in many
branches of physics.

if the absorber damplng is infinite the absorber mass is virtually clamped
to the machine and the absorber system does not function at all, Fig.7,22,
In practica, when a damped vibration absorber s applied to a machine/
isolator system the transmissibility curve must g between the twa extromes
sketched In Fig.7.22. This is illustrated In Fig.7.23 for various values of
absorber damping ratio,

Theory has shown that when damping is added to the absorber the
"optimum” performance conditions™) are, In general, no longer abtained by
tuning the resonant frequency of the absorber system to equal the resonant

*) “Opiimum® conditions aro assutned 1o be those which ensure a maximally **fiat"
peak-norch region of the transmissibility curve, Fig.7,23, to be pbtained,
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frequency af the machine/isolator system. Actually the most faveurable
tuning depends upon the ratio between the absorber mass and the mass of
the machine f.e., m/M, It has been found that when the damping is of the
viscous type then the ratio between the absorber resonant frequency, f,, and
the machine/isolator resonant frequency f,, should be:

f M i
- —_—_—— =
A E e

From this equation it is noted that when % is small the difference

between the two resonant frequencies is negligible, while for an fncreasing
mass-ratlo the "de-tuning” of the absorber may become very significant,
Also the "optimum" viscous damping factor depends upon the mass-ratio,
see Fiy.7.24. Finally, Fig.7,25 shows some theoretical transmissibility curves
caleulated for varfous mass-ratios and “optimum® damping, Note the
decrease In resonant amplification with Increasing mass-ratios,

As pointed out in section 7,7 tho theoretical treatment of the vibration
transmissibility from a vibrating source {machine) to its foundation, and
that of the vibration transmissibllity from » vibrating foundation to a
mounted equipment is more or less identical, This, of course, also applies
with respeet to the use of dynamic vibration absorbers see, Fig.7,26,
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Fig.7.24. Curwe showing “optimum’ viscous damping factor as a function

of the mass rau’o-;‘% {Snowdon]
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To illustrate this statement consider a rigid equipment {mass: M)
elastically mounted on an electro-dynamic vibration machine {see also
section 7.3}, The transmissibility curve for this system is measured and
automatically recorded on & Briel & Kjar Level Recorder Type 2305,
Fig.7.27a. By attaching a damped dynamic absorbar system (mass: m =
0.5 M} to the mass M the transmissibility curve was changed into the one
shown in Fig.7.27b, The eficct of the absorber is clearly noted. For the sake
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Fig.7,27. Curves showing a practical example of the effect of applying a
dynamic vibration absorber to a simple vibrating system
a) Transmissibility curve for the system before the dynamic
vibration absorber was applicd
b) Transmissibility curve for the system with absorber
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of complation also the vibration of the absorber mass, rr, was measured and
recarded, Fig.7.28. Before finishing this brief discussion of the dynamic
vibration absorber it should be mentioned that the principle of the absorber
may be used not only to reduce resonance effects in vibration and shock
isolation systems, but also to reduee the vibration of beams and plates
vibrating in one of their fundamental modes, Thereby the acoustic radiation
fram, for instance, a plate may be reduced making the dynamic vibration
absorber an efficient tool in the “'battie” against ocoustic noise.
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Fig.7.28. Vibration of the absorber mass, m, in the system used to obfain
the transmissibility curve shown in Fig.7.27b)

b) Appifcation of Damping Treatments

As pointed out in section 3.6 structural elements like beams and plates
axhibit a, theoretically infinite, number of resonances {normal modes), If
these elements are subjected to vibrations of variable frequency (motor with
variable speed), or to wide band random vibrations, a number of resonances
might be excited and the application of separate dynamic vibration
absorbers becomes impractical. Because most engineering materials Jike
steel, aluminium, copper, etc, contain little inherent damping, resanant
vibrations must be reduced by some “external” means, In the case of plates
use Is sometimes made of some sort of “stiffening” arrangements. These
arrangements da, however, not damp the resonances, they merely shift tham
towards higher frequencies. If the resonances can be shifted to frequencies
which will nat be excited during narmal operation of the equipment this
solution to the problem of reducing plate vibrations may be acceptable,)

*] Actunlly, bocausa internal matorial damping aften Increases with frequoncy a eortain
“dampinp" effect may also be achieved by shifting the resonant frequencies,
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On the other hand, in complicated machinery, the shifting of resonant
frequencies in one element may couse serious vibration troubles to oceur in
some other element. The most general solution to the problem will there-
fore he, in some way or other, te apply some sort of external damping to
the elements considered,

External damping can be applied in several ways: {1) By means of inter-
face damping (friction), {2} by spraying a layer of material with high inter-
nal losses over the surface of the vibrating element or {3) by designing the
critical elements as ""sandwich’’ structures,

Interface damping is obtaiped by letting two surfaces “slide’ on each
other under pressure, see Fig.7.29a, If there is no lubricating material
between the surfaces the damping effect is produced by dry friction
(Coulomb dampingl., The force versus displacement relationship for this
type of damping is shown In Fig.7.20Dh, and tha total dissipated vibrational
energy (damping energy} Is given by the area enclosed by the curve B -~ C —~
0 — E— B. Even if dry friction can be a very effective means of damping
excessive vibrations it has the disadvantage that it may lead to fratting
corrosion of the two surfaces. To avoid the fretting corrosion use is some-
times made of an adhesive separator, The arrangement then, however, turns
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Fig.7.29, Examplo of interface damping
a) Sketch showing a physical system producing dry friction type
of intetface damping
b} Force versus displacement relationship for this type of
damping
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intoc what |s commeonly termed a sanpdwich structura, a type of damping
arrangement which is further discussed later In this section,

One of the “simplest” mathods of applying damping to a structural
element vibrating in bending is to spray alayer of viscoelastic material with
high internal losses over the surface af the element, This kind of damping
technique has been widely used in the sutoemotive industry for many years.
The mest well-known materlals, solely made for the purpose are the so-
called mastic deadeners made from an asphalt base,

Also other types of "deadening” materials are at present commercially
available, Common for all of them are that they are made from high-
polymer materials possessing optimum damping properties over certain fre-
quency and temperature reglons. Thase reglons may, however, for some
mastic matarials be rather wide,

To obtain optimum damping of the combination structural element +
damping material, not only the internal loss factor of the damping material
must be high, but so must also be its moduius of elasticity {Young's
madulus),

An approximate formula gaverning the damping properties of a treated
panel in practice Is given by tha expression:

~ 14 (72.B2) G2y
n o~ 4 B R

where {see also Fig,7.30):

1 c
U 2f=2 Ca
Loss factor of the combination structure element {panel)
*+ damping material
Loss facter of the damping material
Modulus of elastieity (Y oung's modutus} of the structural
alament
Modulus of elasticity of the damping material
Thiclness of the structural efement {panel}
Thickness of the |ayer of damping material

nu i

o
i
Hwrn -

One faet, which is immediately obwious from the sbove formula, is that
the retative thickness of the layer of damping material, (-32), plays a vary

important role for the resultant damping. In practice the ratio is normally
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Fig.7.30.  Sketch ilustrating the use of a single visco-elastic layer to obtin
the required vikration damped offect

chosen to be of the ordor of ona to three, Also, it can be seen that it js
generally advantageous to apply one {thick) layer of damping material
rather than dividing the layer in two by using doublesided coating.

A third method of applying damping to structural elements is the use of
sandwich structures, Fig,7.31. Several types of such constructions exist: The
original structure may be supplied with a constrained viscoelastic layor, i.e.
the damping material is covered with a thin metal sheet, Fig.7.31a; a thin
visco-elastic layer is placed between two equally thick plates {adhesive
separator), Fig.7,31h; or finally use may be made of a thick visco-elastic
layer between the two plates, Fig.7,31c.

Thin metal shemt — Panel Panel o
T
7 e A
{7 ] " ||
Viscontatic layer Parn) Mncoslastic layor Parel J Vigorlattic Layer PaNlj
s
al ] c

Fig.7.31, Examples of sandwich structures
a) Use of a constrained visco-elastic layer
b} Sandwich structure with a thin visco-elastic layer
¢} Sandwich structure with a thick visco-elastic layer

A considerable amount of thearetical and experimental investigations
have, In the later years, been carried out to aliow the prediction and com-
parison of dampling properties of sandwich structures, The general results of
these investigations indicate that, contrary to tha above discussed applica-
tion of mastic deadeners, the thickness of the visco-elastiv layer is not a
factor of prime importance, It saems, however, that the overall geometry of
tha construction {symmeirical, unsymmetrical} Is Important, the symmetri-
cal construction showing the most favourable overall damping properties,
On the other hand when the thickness of the visco-alastic layer is incrgased
the temparature and frequency ranges within which optimum damping can
be obtained increases.
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To illustrate the general difference in damping obtained between &
system using one layer mastic deadening and a sandwich construction some
maasured results {Cramer and Hecki) are reproduced in Fig.7,32.

The measurement of material domping properties is normally carried out
according to one of two basic measurement methocds:

1. The frequency response mathod, and

2. The decay-rate (reverberation) method,

L

|
BOO ol My 3200 tng
Frovumncy, |
oy

Fig.7.32  Results of loss factor measurements on a sandwich structure
with a thin visco-elastic layer, and on a plate supplied with one
fayer mastic deatening (d o/, =2.5). (After Cremer and Hecki)

The practical application of the frequency response method cansists
normally in cutting a bar-shaped sample from the material to ba tested,
clamping the sample bar at one end, or both ends, and exciting it Inta
bending vibrations with a variable frequency, sinusaidai force,

Tha ampiitude of the response vibrations [s then plotted as a function of
frequency, see Fig.7.33. From such a curve, at a resonance peak, the (oss
factor can be ealoulated as

1 = Af

where Af, is the bandwidth at the half power paints (3 dB points) and §,, s
the rasonant frequency, The index n is the order of the resonance, or mode
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Fig.7.33. Complete frequency response curve obtained from measure-
ments on a sample bar clamped at one end, Measured by means
of the arrangement shiown in Fig.7.34

number, The modulus of elasticity*} {Young's madulus} can ba found frem
the resonant frequency and the mechanical dimansions of the bar:

2 f
= 2, f- In_42 2

E = 48n?p { T m) N/m

| is the active length {m} of the bar,

h Is the thickness in the plane of vibration {m)

g is the material density {kg/m3)

K, dependson the houndary conditions of the bar:
both ends free or clamped:

Ky = 4.73; K, =7.853; K5 = 10,996

Ko = (n+tmin>3
one end free, one end clamped:

Ky

Kn

*] The madulus of elosticity found accarding 10 tha described technique sctually is the
real part of a complex modulus of elasticity {dynamic modulusl, Jn most practical
coses, however, the difference betwaen the madulus of elasticity found from the
{armula glven here and Yaung's madulus Is nogligible,

1.875; K, = 4.694; Ky = 7.855

(n-—;)mn>3
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This measuring method is suitable for values of 7 between about 0.6 and
0.001, When the loss factor is large it will be impossible to measure the
amplitude because na standing wavos will be present, and if it is too small
the resonance peaks will be too narrow to allow the bandwidth to be
measured with reasonable accuracy,

A measuring arrangement suitable for the frequency response method of
measurement is shown In Fig,7.34 and consists of the Briiel & Kjer Com-
plex Madulus Apparatus Type 3930 (Fig.7.35) and assaciated electronics.
Actually the frequency response method haos, over the years past, been
refined by Dr. H, Oberst et a/ and constitutes to-day a simple and efficient
means of determining eomplex material damping proparties,
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Fig.72.34, Measuring arrangement wsed to record frequency response
curves of the type shown in Fig.7.33 autematically on the
Briiel & Kjar Leval Recorder Type 2305

The same measuring arrangement as shown i Fig.7,34 may also be used
for the second method mentioned above, i.e. the decay rate mathod, The
external exciting force is, in this case tuned to a resonani frequency of the
sample which will start a forced oseillation with steady amplitude when
equilibrium is reached, If the exciting force is stopped instantly, the vibra-
tion amplitude decays axpanentially with time. (Thus linearly with time if
plotted out lagarithmically,) The loss factor 77 is found from

S
T =73,
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where D Is the decay rate in dB/sec and f, is the resonant (medal) fre-
quency, The medulus of elasticity, E, is found as described above for the
frequency response method,

Y-,

Fig. 2,35, Phato of the Complox Modulus Apparatus Type 3930

In the decay rate method the upper limit for measuring the loss factor
depends on the measuring instruments, There is no theoretical lower limit.

A type of decay-rato measurements which has been extensively usod in
the past, especially in the U,S.A,, Is the so-called Geiger thick-plate test, The
basic principle of this test is the same os already outlined for cut-out sample
bars, only that the sample in this case consists of a suspended plate, see
Fig.7.36.

Normally decay measurements according to the Geiger test are madp at
ang frequency only, As this test has been used mainly In conjunction with
automaotive panels the frequensy has commonly been chosen around
160 Hz,

So far the decay-rate type of tests discussed have been based on the
interruption of a steady state normal mode (resonant} vibration, i.e. time
decay measurements, Also another type of decay-rate measurements are
sometimes used: the determination of the decay-rate of progressive waves,
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Fig.7.36, Measuring arrangement suitable for use in conjunction with the
Geiger thick-plate test

This Is based an decay-rate determinations in space rather than in time, as
described below, When a long strip of material is excited to transverse
vibrations at one end, and terminated at the other end in such a way that
practically no reflection takes place, Fig.7.37, one dimensional mechanical
wavas progress along the strip, The attenuation of these waves may then be
used as a measure for the damping properties of the strip material:
-
7.3
whare D, is the attenuation along the strip In dB per wavelength,

Tn praamplifier

[l viteation pick-up Proba
—————r——

"50""
L Tarmination

Fig.7.37, Sketch shawing how the attenuation of progressive mechanical
waves may be measured
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7.3. Vibration Testing

Vibration tosting is a relatively new concept. It originated more or less
with the desira to test parts and equipment for use in airplanes prior to a
first flight. Even though vibration testing, in a sense, was used by Wohler
some 100 years ago in his experiments on the fatigue of metals, the
intensive use of a more general vibration test technique developed during
and subsegquent to World War If,

At this time not only structural mechaniecal failures due to vibrations
became a problem, but also the use of complicated electrenic and eloctro-
mechanical equipment made control  systems and  communication
instrumentation sensitive to the vibrations encountered during mobile
operation, Furthermore the speed and maneuvering facilities available in
modern vehicles severgly intrease the vibrations caused by the overall
environment and coemplicate theoretical predictions and estimates of
vibration responses.

Even though the development of vibration testing techniques quite
naturally have been closely connected to the aircraft and space vehicle field
it might be worth mentioning that vibration testing, often supplemented by
shock and bump testing, is today also used in many ather fields, Typical
axamples are the field of packaging and transportation, as wall as the auto-
mobile and agricultural machine industry,

Basically two different types of vibration testing are in common usage at
present:

1, The frequency sweep test, and

2, The wide band random vibratian test,
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A third type of test, however, which has gained considerable interest over
the last few years Is the so-called “swoep random’ vibration test, Although
in principle a frequency sweep test, this test also retains certain characteris-
tics of random vibration.

Generally speaking the fraquency sweep test is an engineering tool which
is excellently suitedd for the investigation of vibration responses of models
and prototypes, while the wide band random vibration test is a typical
qualification type of test, On the other hand, the cost and complexity of
the wide band random test equipment, has often made this test prohihitive
for the smaller vibration laboratories, which on many occasions, thus use
tha frequency swoep test also as a qualification test,

Common for all types of present-day vibratien testing is the use of an
electrically controfled vibration machine which produces the mechanical
motion to which the test object is subjected, The most widely used vibra.
tion machine is the electrodynamic vibrator, which Is basically a large ‘'loud-
speaker’’ system, Another, also frequently used vibrator is based on efectro-
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Fig.7.38. Useful operating regions of modern hydraulic and electro-
dvnamic vibration machines (3.8, Booth)
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hydraulic principles, While the electrehydraulic vibrator is capable of
aperating at very low frequencies (theoretically down ta DC), allows very
large displacement strokes {up to 30cm), and has a very high foree
capability {over B0 tons of vibrational force), the electrodynamic vibrator is
mora generally applicable to most vibration test requirements mat In
practice to-day, A chart showing the typical reglons of operation of the two
types of vibration machines is given in Fig.7.38.

a) The Electrodynamic Vibration Exciter

Flg.7.39 shows a sketch illustrating the basic design of an electrodynamic
vibration machine, It consists of a magnet which produces the required
constant magnetic field, a coil which is fed frem an AC signal source, tho
moving element {on which the coil is mounted}and the flexures holding the
coil and moving element in position, with respect to the constant magnetic
field, The magnetic field strength and the coil diameter, number of turns
and current determine the force available, This force is limited by the cool-
ing provided for the coil and the materials and mechanical strength of the
moving parts.
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Fig.7.39,  Basic design of an efectrodynamic vibration exciter

Ideally the coll and moving clement should be a rigid unit where all
points move In phase. Additionally, the ideal suspension of the moving
element should be of such a nature that only a one-dimensional movemont
takes place, and finally the ioading of the vibrator by a test specimen should
in na way influence the motian, Unfortunately, it is impossible to fulfil
these ideal conditions and compromises are therefore necessary.

As all bodies are more or less elastic, the requirement of rigidity must be
compromised with the size and design of the moving element. This size is
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pre-determined by the size and shape of the specimen under test, as this also
influences the movement of the moving element. To achieve pure one-
dimensional translatory motion, the moving element must either be
suspended in such a way that no other mades of movement is possible or
forces which may cause such motion, must be eliminated,

To minimize the influence of specimen resonances upon the motion of
the moving elemant the “effective”” mass of the moving element should be
large. However, this means that to produce a certain acceleration of the
specimen a rather high force is necessary, Furthermore adding mass to the
moving element normaily reduces the useful frequency rango of the vibra.
tion machine, By intorducing variable compensation networks ar servo-
control of the moving element motion it is possibie to compensate” for tho
variation In load, with frequency caused by specimen resonances, Smaller
moving masses can then be used for the same test,

If servocontrol |s used rather than an increase in mass to minimize
influence of resonanees, two major sdvantages are gained:

t. A much greater part of the force produced by the vibration machine is
transferred to the tost speciman,

2, The useful frequency range of the vibrator can be oxtended because of
the reduction in moving mass,

In Fip.7.40 a typlcal frequency characteristic for a madern clectro-
dynamic vibration exciter is shown, The vibrator is driven fram a constant
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Fig.7.40. Basic acceleration versus frequency characteristic of clectro-
dynamic vibration exciters when the input current to the drive
coil is kept constant, independent of frequency
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current level source i.g. constant driving force {s delivered to the moving
element, The actual acceleration tevel of the shaker table is then plotted as a
funetion of frequancy and the graph divided into different sections A, B, C
and D which are deseribed below.

When DC is supplied to the shaker drive coil, a constant force is
developed which will cause the moving element to detiect, the magnitude of
the deflection belng determined by the stiffness of the mechanical
suspension arrangement, At very low frequencies the deflection of the mov-
ing element will thus be stiffness controlled, i.e, constant displacorment level
conditions will be present at the shaker table reglon A in Flg.7,40 {Constant
displacement level conditions are represented by a stope of 12 dB/octave in
the graph,

If the frequency of the drive signal is increased, the resonance of the
overall mass of the moving element assembly and the suspension *spring”
will cause a relatively great increase in the table’s amplitude, region B in
Fig.7.40. Above the suspension resenance the mass of the moving element
will control the table motion and a region of constant acceleration is
developed, C, In Fig.7.40,

At still higher frequencies the different parts of the moving element itsolf
witl resonata and causa major irreqularities in the frequency characteristic,
In Fig.7.40 only ono moving element resonance is shown, These resonances
timit the upper end of the ussful frequency range.

The acceleration vs frequency characteristic of electrodynamic vibrators
Is mare or less similar for all vibration excitars when the exciter is driven
fram a constant current level source, However, amplifiers which effectively
transform the available electrical power Into mechanical force may usually
be well approximated by a constant voltage level souree, The acceleration vs
frequency characteristic of clectrodynamic vibration exciters subectod to
these conditions wvaries considerably, depending upon the electrical
resistance of the driva coll winding and the mechanical damping of the
suspension  arrangement. In Fig.7.41 the frequancy response of a low
rusistance well damped vibration exeiter is shown, the drive coil of which
was fed from a constant voltage level source (Briiel & Kjaer Type 4813},

fn the case of the lowresistance, heavy-duty vibration exciter the
suspension resonance is completely eliminated due to the electrical domping
eftect. This damping effect is caused by the low output resistance of the
power amplitier which almost short-circuits the back e.m.f, induced in the
coil, whan it moves in the constant magnetic field of the shaker, As the back
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Fig.7.41. Example of acceleration versus frequency response of an
electrodynamic vibration exciter driven from a constant voftage
source

, ) d .
a.m.f, is proportional to the velogity (e ~£] the movement of the moving

alement in this fragquency region (corresponding te region B in Fig,7.40) will
ba wvelecity controlled, and the acceleration vs. frequency characteristic
shows a slope of 6 dB/octave. At higher frequencies, where the movement
of the moving element Is mass-controlled, the acceleration level of the
olement will be constant and determined by the fermula

N
TWeW,

Here a Is the maximum acceloration level achievable in m/see? (g, F is
the maximum rated force in mewtans {Ib foree), W is the mass of the test
spacimen in kg {Ib}, and W, is the mass of the moving aelement of the
vibrator in kg {1b},

a

Actually, the performance of modern electrodynamic vibration excitars
are normally limited as illustrated in Fip.7.42, i.e. by their maximum dis-
placement, velocity and force capabilities, and, at the high frequency end by
moving element resonances,

It was mentioned earlier in this section that a number of compromises
wera necessary in the practical design of electrodynamic vibrators. To
minimize the effects of compromises a completely new type of vibration
exciter design has been introduced by Booth, Brilel & Kjer, The basic idea
in this design is that one vibration exciter body can be supplied with
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Fig.7.42.  Sketch indicating displacement, velocity and acceleration limita-
tions imposed on practical electrodynamic vilration exciters
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R

Fig.7.43.  Photograph of an Electrodynamic Vibration Exciter Body [
together with the relevant set of Vibiration Exciter Heads i
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different, interchangeable, vibration exciter fieads. Each head contains a
maving element and its suspension system, and each head Is optimized for
it's particular field of application, Fig.7.43 shows a pheto of an excirer
body and it's different heads.

b} The Frequency Sweep Test

The frequency sweep test consists of feeding a vibration exciter with a
cortain amount of power at a slowly changing frequency. Dus to resonances
in the test specimen, and in the vibration exciter, the power necessary 1o
subject the test specimen 10 a certaln, constant vibration level will not,
however, remain constant during the 1est, but will be a function of the
frequency of the vibrations, This is illustrated in Fig.7.44 which shows a
plot of the acceleration of the shaker table as a function of frequency for
constant voltage drive of the vibration exciter and a table load canslsting of
a single degree-of-freedom machanical system, To keep the vibration level
constant the output from a vibration pick-up mounted an the table is used
to control the inpul power to the vibrator, see also Fig,7.45.

LT |

= Hlngemngy }!l_‘
Fig.7.44.  Typical acceleration level versus frequency curves measured on
the shaker table of a vibration machine loaded by a single
degree-of-freedom system
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Fig.7.45, Black diagram of a typical servo controlied freguency sweep
test arrangement

Normally, the contral of the vibration level is made in such a way that
when tho vibration leve] of the toble tends to increase, which would cause
the output voltage from the control pick-up to increase, the input power to
the vibration exciter is gutomatically decreased until the same vibration
level is regained as was present before the change in vibration level occurred,
The automatic decrease In exciter input power will not follow instantane-
ously when an increase in vibration level is felt by the control pick-up, but jt
will take a certain amount of time to regain the original level, This time
constant of the regulation, or in other words “'the regulation speed*’ should
be selected aceording to the expected Qwvalues of the systern resonances and
the sweep-rate chosen for the frequeney sweep, ie, the regulation speed
must be greater than the spead with which the systern resonances are built
up.

In practice this means that the highest regulation speed should be used,
the upper limit of the requlation specd heing set by interaction between the
regulation speed and the actual vibration frequency {causing distortion). To
allow for optimum automatic regulation the regulation speed must be
variable and preferably provision should be made for programming the
regulation as a function of the frequency sweep, A practical arrangement
fneluding an electronic genorator which allows such programming to be
made is shown in Fig.7.46,

The servo system illustrated in Figs.7.45 and 7.48 enables not only a
regulation of the exciter frequency response with regard to resonance
effects but It is also possible to include in the servo loop certain frequency
dependent networks so that various predetermined test programmes can be
cartied out under controlled conditions.

Also, as reliability, stability and reproducibility are essential factars in
vibration testing, the electronie generator shown in Fin.7.46 and 7.47 has
been designed to contain ne moving mechanical parts. Furthermere,
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Fig.7.46. A practical frequency sweep vibration test system

accurate reading of the instantaneous test frequency cas be made on a
built-in 6 digit electronie counter,

Another important factor in vibration testing is the safeguarding of the
test specimen, in case by accident (broken cable, etc.) the sorvo system Joses
control of the test Jovel. To avoid damage to the specimen in such cases, the
generator, Fig,7.47, contains safety circuits which instantaneously shut
down the test,

As some test specimens may contain a variety of non-linear devices the
controf signal may be heavily distorted, even if the signal applied to the
vibration exciter is 8 pure sinusaid, If the distorted signal is used to control

@
L
i
Fig.7.47.  Photograph of the Briiel & Kjaer Exciter Control Type 1026
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the test-fevel directly, undertesting at the fundamental frequency occurs. In
cases wheore undertesting must ba aveided use shoutd therefore ba made of a
socalled tracking filter in the control loop, This filter ensures that a signal
containing the fundamental frequency component of the control signal only
reachas the control cirewit, Such tracking filters are also built into the
generator shown in Fig.7.47,

Tracking filters may be designed according to different principles. The
filters built into the generator are of the constant percentage bandwidth
type, having a bandwidth of 6%, In Fig,7.48 the use of another type of
tracking filter, the Heterodyne Slave Fiiter Type 2021, is Hilustrated, This is
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Fig.7.48, Example of the use of a tracking fitter in the control loop of a
frequency sweep vibration test arrangement

built according to the constant bandwidth principle, and features a number
of automatic bandwidth versus frequency programs, Furthermore, it does
not only filter out the fundamental frequency companent for servo loop
control, but, at the same time, measures the overall distortion, /a this way it
is possible, during testing, to record sutomatically the distortion as a func-
tion of frequency. An exampla of such a recording is shown in Fig.7.49.
This kind of tracking filter can also be used as frequency analyzer, for
instance for mean square spectral density {power spoctral density) measure-
ments.

When large, complex test specimens are bolted to the vibration exciter
one finds that feedback control with a single vibration contral pick-up, as
has boen discussed up to this point, Is not sufficient, The specimen Is not a
dead mass, and different parts of the structure resonate at different frequen-
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Fig.7.49. Example of an automatically recorded harmonic distortion
curve obtained during measurements on a vibrating steel bar
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cies, often causing an irregular overall motion. If a single vibration pick-up
controls the motion of the shaker table, portions of the test specimen may
be severoly overtested, while other portions are undertested,

It is therefore often advantageous to use the average of the vibration
signals measured at several specimen fixing points as control signal, This
kind of contral is illustrated in Fig,7.50 and reduces the amount of possible
overtesting considerably, Undertesting will enly be slightly affected,
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Fig.7.50. Example of a vibration test system allowing test level contral
fram more than a single point
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It was mentloned above that the servo loop arrangement also alfowed for
the inclusion of frequency dependent netwarks so that varlous test pro-
grammes could be established, Certain networks of this type are included In
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the electronic contro! generators produced by Briel & Kjer, and their
fnsertion in tho feedback loop can be contralled by a Vibration Test Pro-
grammer Type 4473, Fig.7,51 shows a test arrangement u'tilizing a Vibration
Programmer,

PFroemplier
Fiom Comrol "" To
Accelaromecer 2628 Powet Ampider
41 Fi/ 4]
Fig.7.81.  Vibration test system utitizing the Briiel & Kfaer Vibration Pro-
grammer Tvpe 4413

It was stated earlier in this section that the development of vibration
testing tecihinique has followed, very closely, the development of aircraft and
space vehicles, As the specimens to be tested grew larger and Jarger so also
did the vibration exciter, the largest electro-dynamic exciter available to-day
{1971} being capabla of producing some fifteen tons of vibrational foree,
Even though it would be dasirable in some cases to have even larger exciters
avaiteble it has not been found technically realistic to produce electro-
dynomic vibration exciters with larger force ratings than the abowe
mentioned fifteen tons machine, One of tha reasons for this is that as the
tast specimen becomes farger, problems tn mounting the specimen on the
shaker table also become greater. The problem of testing large scale
spacimens is therefore presently being solved by the use of multiple vibra.
tion exeiters cperated elther In serles or in so-called master-stove arrange-
ments rather than by trying to build larger vibrators. Fig.7.52 shows the
principle involved in the control of a master-slave arrangement, It (s seen
that while the frequency swaap is governed by the "master” all the "slaves"”
have separate control sighal loops, Also in this case, of coutss, It is possible
to apply the Vibration Test Programmer and Signal Averager technigue to
each vibratlon exciter separately. However, in thany cases the test
spacimen might aply have cne fixing point to each vibration exciter which
makes the use of a Signal Averager superfluous. Large test specimens can in
this way be tested to high vibration levels, A special feature of the arrange-
ment shown in Fig.7.52 Is that the phase relationship between the “master”
and *'slave vibration can be adjusted over a full 360° angle, thus producing
various kinds of specimen mode excitation,
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Fig.7.52, Example of a "masterslave’ system utilizing three vibration
machines to excite the test specimen

¢) The Wide Band Random Vibration Test

If a vibratlon exciter ioaded by a resonant specimen is being fed with
wideband random noise of constant mean square (power) spectral density,
the spectrum of the acceleration at the specimen fixing point might look
something like the curve shown on top in Fig.7.63, This meons that the
excitation of a particular specimen resonance is different from that assumed
on the basis of the vibrator input signal spectrum (flat mean stuare
spectrumy}. )

During the course of time varlous methods have been developed to com-
pensate electronically for these peaks and notches, The first method is fairly
straight forward and consists in using a number of "peak-notch'’ equatizers
in cascade, Each such equalizer should exhibit the inverse response of one
resonance a5 measured on the vibration exciter table whan the system is
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Fig.2.63. Example of ideal equalization of a wide band random vibration
test system

uncompensated, By using as many equalizers as there are resonances it is
possible to achieve a response similar to that given in Fig.7.563 botton curve
{equalized), This shows the resulting vibration of the shaker table whan
both the frequency non-linearities of the vibration exciter itself and those
due to specimen resonances aro ideally compensated for,

The time spent in adjusting for a particular test is, however, rather large
and other, more feasible methods of compensation have been sought by the
producers and users of random vibration test equipment, One such method
Is the so-called multiband equalization technigue. it invalves splitting the
test frequency range into a number of discrete filter bands and adjusting the
attenuation (or amplification) of each band individually, The adjustment
can be performed manually or automatically, In this way it is also a relative-
ly simple matter to “shape” the test frequency spectrum according to any
given test specification, or for the purpose of further test research, However,
the setting-up time of the manual system Is still quite considerable,

This time is minimized in automatic multiband systems, where all the
bands operate in clesed servo loops, see Fig,7.54, Another groat advantage
gained by the use of automatic equalization is the automatic correction for
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Fig.72.84. Principle of operation of an automatic multiband random vibra-
tion test system

the effect of frequency response changes wihich might oceur hotween
setting-up and testing, and during the testing itself,

An automatic equalizer system devaloped by Boath, Brilel & Kjar is
shown in Figs.7.55 and 7.56. This system has a maximum frequency
coverage from 1 Hz to 10 kHz, and feotures a vary flexilde arrangement of
filter channels, Filter sots of 60, 120 and 240 channels are available and one
filter channel in one set may ba replaced by two filter channeis of the next
largor set, Hareby, it Is possible to combine the channels from different sets
in numeraus ways and thereby varying handwidths over the test frequency
range according to specific response requirements,

There are three major reasons why the wids band random vibration test
has become popular as a qualification type of vibration test, These are:

1, The vibration praducing mechanisms found jn nature are more often
of a random type than of a sinusoidal type and arandom vibration
test tharsfore simulates the statistical character of common vibration
environments better than does a sine wave test,
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Fig.7.55. HRandom vibration test utilizing a practical automatic equalizer-
analyzer system (Briiel & Kjer)

2. The wide band randem test excites all specimen resonances simultane-
ously so that possible interaction effects are accounted for,

3. The wide band test-time required for a certaln test exposure is orders
of magpituds smaller than any single frequancy swaep test,
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Fig.7.56. FPhotagraph of a 120 channe! automatic equalizer-analyzer
system (Briiel & Kjar)
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Even though the vibrations commenly met in nature have a random
amplitude character their mean squara (power) spectra vary considerably,
This is taken Jnto account {or rather should be taken into accouni) when
random vibration test specifications are devcloped, [t has, however, often
proved to be a very difficult task to develop detailed vibration test specifica.
tions, partly because the vibration environment is not always known from
beforehand, and partly because of insufficient and inaccurate measurement
datn relating to the particular enviranment, The lack of exact envircnmental
data has made it a common practice to collect all the measurement results
relating to the environment in gquestion and from the caliection of data then
draw some “estimated envelope’ curves, An example of such "‘estimated
anvelope™ eurves are shown in Fig.7.57,
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Fig.7.52. Exampic of the derivation of viliration test level specifications
from environmental data

Although the method of “enveloping” seems to be a fairly sound method
of developing test specifications, because of the many unknown factors
Invalved In defining a vibration environment, It leaves a lot to be desired
with respect to precision. Due to structural filtering effacts end “mlismatch-
Ing"* of machanical impedances a test spectrum developed in the way out-
lined above will often punish the specimen much more severaly than will the
actual vibration environment encountered during normal operation,
Flg.7.68, Also, it generally requires much larger vibration exciters and
powor amplifiers than might otherwise be nocessary. In an attempt to
remedy these disadvantages it is not uncemmeon to speclfy a certain wide
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ment fixing point and the corresponding test specification
spectrum

band "background” vibration upon which is superimposed a sweeping sine
wave ot a narrow hand of noise. This method of testing, however, comes
clase to what is known as the sweep random test technique,

o) Sweep Random Vibration

4
In general wide band random vibration testing is very costly and means
to substitute this by a less costly test have been sought ever since its first
introduction, Various "equivalent” sweep sine tests have been proposed but
since the sweep sine test connot produce the same distribution of accelera-
tion and stress amplitudes within the test specimen no general equivalence
between the two types of test Is ever likely to be found,

In 1957 M.W. Olesen of the Maval Research Laboratories in U.S.A,
suggested the use of a sweeping narrow band random vibration test. This
kind of testing is now commonly termed *'sweep random vibration testing.
It was originatlly meant as an "economic” substitute for the wide band
randem vibration test, and the procedures for setting up the test were based
on awide band “equivalence’, Thera are, however, other methods of setting
up a sweep random test as will be discussed later in this section,

There seems to be (ittle doubt that a random vibration test simulates the

characteristics of roal vibration environments met in sea, road and air trans-
port hetter than does any kind of pure sinusoidal testing. This Is important
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to consider when a vibration test is specified, as most components and
sub-assemblies contaln several failure mechanisms, They may cantain con-
tact mechanisms, they may be constructed of comhinations of ductile and
brittle materials, they may show mechanical-electrical modulation effects,
etc. Many of these mechanisms will react differently to sinusoidal and
random vibration excitation,

Leaving the sweeping sine wava test as more or less a laboratory tool for
investigation purposes, the only existing sweep test for practical qualifica-
tion testing is the sweep random test, This test has the deficiencies that
resonances ars tested seguentially, and possible interaction offects must
therefore be investigated on 8 prototype development stage prior to qualifie-
ation testing, — and it takes a longer tima than the wide band random test,
Both of these deficiencies can, however, be more or less overcome by using
a ““multiple sweep random technigue®, and an accelerated test procedure,
The main advantages of the sweep random vibration test are;

1. A certain test level can be obtained by the use of much smaller power
amplifiers and vibration exciters than if the test was carried out as a
normal’’ wide band random test.

2, The statistical character of the test signal Is retalned.

3. The setting-up and control of the test level is simpler and in many
cases more accurate than in the case of wide band random testing,

4, It is possible to start with a simple system and add complexity ns
required.

The original method of setting up a sweep random vibration test con-
sisted in adjusting the test parameters so that the same number of important
stress revarsals and acceleration peaks were produced at each level as is
produced by a wide band test, For a [ong time the equipment necessary to
perform this kind of testing was not commercially available and very fittle
pragress was thus made in the use of the method, In 1964, however, the
complete control equipment required for sweep random vibration testing
was devaloped and considerable effort has since been made to evaluate and

extend the test.

A very important feature of the sweep random vibration test technicea is
the possibility it offers for “’simple” automatic level regulation. The use of a
nzrrow band of naise as test signal makes It possible to utilize a servo
requlation technique which is similar to that used in the sweeping sine wave
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Fig.7.89. A typical sweep random vibration test arrangement using a
single narrow band unit only

test, Fig.7,59, Also the same programming facilities are available for the
sweep random test as for the sweeping sine wave test. This, together with
the trend In the later years to use a sweoping signal superimposed on a fow
leval wide band background vibration, seem to bring new aspects inte the
sweep random test philosophy, Actually, it /s more natural to consider the
sweep random test as a separate type of testing which retains the simplicity
of a sweep lest and which adds the feature of a statistically well defined
distribution of amplitude values rather than trying to establish “‘equiva-
lence” with wide band tests. It is therefore suggested that sweep randam
test specifications should be derived in much the same way as has been usua)

Control Gaveistary
0 Tiacking Filten
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Test Hpwcimen Acerieiumgler
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31n
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3l il

Walition Teanglnmat 5
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e sty

Fig,7.60, Example of a test arrangement suitable for muitiple sweep
random testing
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practice for sweep sine data ie. direetly from the measured or estimated
vibration environment and nat as previously made by ““transforming’ a wide
band random test specification into an “equivalent” sweep random test,

Furthermore, it seems that one or more narrow bands of nolse sweeping
{or dwelling) according to mora detailed test programmes and emphasizing
various Important frequency regions would be desirable and convenient, A
possible measuring arrangement for this kind of testing is shown in Fig.7.60.

Here ope narrow band nojse generator with associated tracking filter,
sweeps back and forth in one frequency region a second in another frequen-
cy region etc. The number of narrow band generators necessary to perform
the proper test will then depend upon the number of important frequency
regions. In the simple case only one generator is needed. The arrangement
can then be extended to include more generators whenever required. [n this
way the capital investment required to perform adequate random vibration
testing is reduced to a minimum and a very flexible test system is obtained,
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7.4, Shock Testing

The basic philosophy behind shock testing of delicate equipment is
essentially the same as that underlying vibration qualification testing: to
ensure that the tested equipment will eperate satisfactorily under estimated
practical shock environments, Nearly all equipment experience some sort of
shoek in practice in the form of handling and transportation shocks, — and
some equipment, mounted in vehicles, may be exposed to a great variety of
shock conditions during operation,

It is elear that to try and duplicate exactly in a test the actual shock
environment to be expected in practice would only be possible in a few,
selected cases. Shock testing therefore in genmeral try to ensure that the
effects of the test shock upon the equipment are similar to the effects of the
shock(s) occurring in practice, rather than utilizing an exact duplication of
any particular service shock,

In the coursa of time various shock tast machines have been daveloped
which allow cartain shock effects ta be produced and, which is very impor-
tant, furnish completely reproducible resuits, The latter is of prime impor-
tance in judging the results from tests made at various institutians, and in
comparing the shock “resistivity” of various equipment designs.

Different metheds may he used to specify a shock test: It may be
specified in terms of the acceleration vs, time trace of the shock pulse (IEC
Recommendation 68 — 2 — 27), it may be speeified in terms of a shock
{response) spectrum®) or it may be specifiad in tarms of the type {possible
also manufacture) of the shock tast machine to be used,

The speeification in terms of an aecoleration vs. time trace also requires
the specification of rather strict tolerances on the pulse shape, as well as
tolerances on the total velocity change produced by the pulsa {time integral
of the acceleration pulse trace). Fig.7.81 shows the praferred pulse shapes
recommended by the LE.C. {International Electratechnical Commission}
together with the specified tolerances, One of the major reasons why prefar-
ence is given to the pulse-shapes shown in Fig.7.61 is that they produce
relatively flat overall {maximax) shock spectra,

In specifying a shock test certain roquirements are normally also laid
down with regard to mounting of the test specimen onto the shock machine,
the maximum transverse motion to be allowed during testing {<< 30% of the

*] Seo Soction 3,5,
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Fig.7.61. 1LE.C, preferred pulse shapes for shock testing

rominal peak valua), and the number of test shoeks to be appliad in each
direction of three mutually perpendicular axes,

Furthermore, the frequency characteristic of the measuring and menitor-
ing equipment must be linoar over a relatively wide frequency range to
ensure carrect phase relationship between the various frequancy com-
ponants of tho measured pulse, ses Fig,7,62 {I.E.C.),
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Fig.7.62  Freguency characteristics required from shock measurement
systems (LE.C,)

1t was mentioned above that the acceleration versus iime trace of the test
pulse was subject to rather strict tolerances, This is due to the fact that very
often in practical testing a certain ripple {caused for instance by undesirable
resonance affects in the shock machine and test fixture) is supsr-imposed
upon the test pulse, Fig.2.63. Even if the ripple may loak relatively
insignificant when studying the pulse shape ltself, it may cause a very
significant change in the shock response spectrum related 1o the pulse,
Fig.7.84. As the shock spectrum provides an efficlent measure of the
damage potential of the shock motlon the ripple may actually invalidate the
test resultsl

From a technical point of view it therefore seems mors appropriate to
specify shock tests on the basis of shock spectra rather than on the hasis of

Bawc e

Actyiatan ¢

Tirm

.l"ll
Roe ampiiue » 10V

Fig.2.63  Example of a shock pufse upon which a certain amount of
ripple (10%)} is superimposed
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Fig.7.64. Shuck response spectrum of the pulse shown In Fig.7.63. Note
the effect of the 460 Hz ripple component

test pulse shapes. On the other hand, becausa a cortain overall shock
spectrum may be produced by a varfety of shock pulse shapas, there is no
single unigue time functlon associated with a specified shock spectrum.
Damage due to the accumulation of stress cycles {mechanical fatigue) may
tharefore differ between two tests gven if the shock spectrum was the same
in bath tasts, However, the peak acceleration levols and the peak stress levels
of the equipment resonance responses will usually be approximately the
same in the two cases. As a shock tost is normally applied to test the
“resistivity” of an equipment against short duration peak stresses and
accelerations, the shock spectrum method of specifying the test stiil seems
to be suparior to the acceleration versus time methad of specification,

An ijnterosting, practical aspect of specifying a shock test in tarms of its
shock spectrum has appeared in recent years in that this kind of testing may
be advantageously performed by means of ordinary electrodynamic vibra-
tion exciters combined with special electronic contrel equipment. Fig,7,65
shows an example of such an arrangement utilizing a sat of 1/3 octave shock
spectrum shaping filters, Here a short duration impulse from the pulse
genaratar ("unit” impulse} excites a bank of 1/3 octave filters simultaneous-
ly, The time function of the summed output from the filters then laoks
somewhat like the time trace shown In Fig.7.66a), If this time function Is
analyzed by a damped shock spectrum analyzer the response at a particular
anolyzer frequency has a shape as recorded In Fig.7.66b), Onc of the
essential features of this type of testing can be seen from Fig.7.66 in that

213



Test Specimen

Filters
1173 nclavel
[

Specttum shaper
A1)

Pulia

I

Vitation Excitar

Power
Amplitier

—

TR

Fig.7.65, Block diagram of a 1/3 Octave shock spectrum synthesis sy stem

the peak shack rosponse, Fig.7,66b), is here roughly five times arger than

the peak of the exciting transient,

Fig.7,66a). Thus t0 produce a certain

shock response in a test specimen a considerable lower “input force is
required by the test method, Fig,7.65, than s the case when testing Is
performed with a more conventianal type of shock test machine, Physically
this is due to the fact that the "input” to the test specimen from the
vibiration exciter {Fig.7,65) takes the form of an oscillating transient while
the "input’” from a conventional shock machine normally consists of a

single impulse.

,ii

bl

Timo, ¢

n[\f\f\/

Amplituce
2

W\,\[ v \/jnm-,'l'

{0 mwe
——t

[

Fig 7.66. Time function of a 1/3 octave synthesized shock
al Overall vibration table motion (summed output from the /2
octave filter bank of Fig. 7.65)
b) Shock spectrum analyzer (narrow band) output of the signal

shown in a}
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A further argument in favour of the above technique is that most shock
motions observed in service have waveforms that are generally oscilfatory in
character. Also, their Fourler spectra are distributed over a reasonably wide
range of frequencles, Quite possibly these observed shocks are the result of
simpler shock waveforms having undergone time-spreading and general
spectral filtering by heing transmitted through complex structures and/or
dispersive media, It still remains trus, however, that simple shock motions
of the kind shown in Fig.7.61, occur only rarely In practice, if ever, at the
mounting peints of an equipment,

The kind of shock vibration testing discussed above is commonly termed
shock synthesis, Although the system shown in Fig.7,69, which was used ta
lllustrate the features of the shock synthesis test, consists of a set of manual.
ly adjustable 1/3 octave filters, it is not very suitable for practical testing
purposes,

Firstly, the bandwidth of the filters of 1/3 octave (23%) is far too wide
to provide adequate equalization for narrow-band test specimen resonances,
Actually, the equalization requirements for a shock synthesis test are just as
sevore as those for random vibration testing {see section 7.3c).

Secondly, the manual adjustment of the filter channels is, also in this
case, prohibitively time consuming.

These draw-backs have been eliminated in the Booth, Briiel & Kjwr auto-
matic equalizer system mentioned In section 7.3¢, Here special electronic

Coneot Prnwyy Vitkato!
Anglyser/Emllise A e - Contrl

sy

Fig.7,.67, Example of a narrow band shock spectrum synthesis system
with sutomatic spectrum equalization in 120 channels
(Briiel & Kjeer}
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cireuitry has been incorporated in the Instrumentation so as to also allow
adequate shock synthesis testing, with automatic spectrum equalization, to
be performed, While earlier the use of two different electronic control
systems were necessary to carry out random and shock vibration testing
with the same power amplifier and vibration exciter, this js no |ongor so, seo
Fiy,7.67 (and 7,55),

Oscillatory shock motions, such as described above, are often termed
complex shocks, While the possibility of producing a large variaty of com-
plex shocks is offered by a shock synthesls system, some "simpler’’
machines do exist which produce specific complex shocks, Thesa are in
general, designed according to the pendutum principle shown in Fig,7.68a),
Fig,7.68b} shows a typical acceleration versus time trace of the impulse
delivared by such a machine.

gt angle mounnng tvacket  Tahie

a) Miikdsoe

)|

- i T
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Z f [/ Shock absertsens Hommrer
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tdes

e 40" Hammer wing

Time, tubllnes .,

Fig.7.68, Shock testing by means of a pendulum type shock machine
a} Sketch of the machine
&) Typical acceleration versus time trace produced by the
machine

Finally some typical designs used in conventional shoek machines should
be bricfly mentioned, The simplest of these machines may be the so-called
drop-test machine, Fig,7.69. Hera the test specimen is bolted onta a carriage
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Fig.2.69, Sketch of a drop test machine

which s dropped from a certain height. The shape of the shock pulso js
mainly determined by the properties of the materfal upon which the
carriages falls, or rather upon the materjal and shape of the impacting
surfaces, Shock pulses with magnitudes up to 80,000 g have been obtainad
by this method, Further types of singla pulse shock testing machines utilize
hydraulic or preumatic principles and their operation do not depend upon
gravity for production of the desired shock force. The basic operation of a
maching built on pneumatic principles is skatched in Fig. 7,70, By letting air
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Fig.7.70.  Principle of operation of a pneumatic shock test machine
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into the cylinder, A, through the valve, a, the carriage containing the test
specimen s lifted, When it has reached a certain height the brakes are
activated through the valve, ¢, and clamp the carriage in position. Air is now

-forced into eylinder, B, through valve, b, until a substantial overpressure has

been built up in, B, The air pressurs in eylinder, A, is then released via valva,
a, By releasing the brakes the carriage is forced downwards duo to the
overpressuré in cylinder, B, until it hits the pellet, The shape and material of
the pellet contrals the waveform of the shock pulse, Normally, the brakes
are again actuated immediately after the impact so that rebouncing of the
carriage, and thereby distortion of the shock pulse does not take place,
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7.6. Balancing of Rotating Machines

In Chapter 4, sectlon 4.2 It was stated that unbalance in rotating
machinery may be of basically two different kinds: *'Static” unbalance {in
ono plane), and “dynamic’ unbalance {in two or more planes},
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While the simple cases of statie unbalance could be corrected by placing
the stationary disc with its axis of rotation horizontally, and adding weight
“on top" of the disc until it is brought inte indifferent equilibrium,
dynamic balancing requires that the rotor [dise) rotates.

It should be noted, however, that the abovs described method of static
balancing will only work when the rotor consists of a rigid disc, mounted an
a rigid axle {or the dise during normal operation is rotating at a speed far
helow the critical speed®) of the disc-axis-bearing system), and the axle
moves in frictionless bearlngs,

If the speed of rotation is not far below the critical, the original residual
unbalance will cause a still further displacement of the center of gravity
away from the center of rotation, and the relationship between the centris
fugal forces of the unbalance and those required for balance becomes (see
atso Fig.7.71by),

WIMle+8=wim' xr
Thus:
m xr=M (e +8)

where m’ is the correction weight {(balancing mass) required.

Rutating duc, M | Center ni Fotation
) i

b

Shall lucatwn Origiew! canter al gravay
i e

Fig.7.71. Example of a disc mounted on a flexible axis and rotating at e
speed not too far from the “critical” speed

Ona mothod of determining the size and pasition of m* is in this case to
use 8 Motion Analyzer Type 4811 in combination with normal vibration
measuring equipment, see Fin.7.72. The accelerometer is here placed on {or
near] the bearing and the frequency analyzer Is set to a frequency corre.
sponding to the speed of rotation of the disc (grinding machine).

*} Criticol spoodd = first resonant frequency of the disc-axis-bearing system,
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Fig 7.72, Measuring arrangement utilizing a Motion Analyzer (strobo-
scepe) Type 4911 and the Frequency Analyzer Tyne 2107 for
determination of unbalance during operation of a grinding
machine

Fig.7.23.  Phatograph of the Briiel & Kjeer Motion Analyzer Tvpe 4917

The output from the frequency analyzer is used 1o trigger the Motion
Analyzer ensuring a reasonably clean triggering waveform, At the sama time
the vibration signul eaused by the unbalance can be read off the frequeney
analyzer indicating meter,

Before starting the test reference marks should be set on the rotor as well
as on the stator, Fig.7,74a), When the machine is running at the desired
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Fig7.74. Method of unbalance determination utitizing the arrangement
shown in Fig.7.72

al Marking of the stator as well as the rotor of the machine

b} Stroboscopic picture of the mark on the rotating machine

el Stroboscopic picture of the rotating machine with the trial

weight in position

speed the mark on the rotor appears stationary under the stroboscopis light
from the Motion Analyzer hut will normally not be positioned directly
opposite to the original mark on the stator, Fig.7,74b), Both the angls, ctin
Fig,7.74b) and the meter reading, 8, on the frequency analyzer should ba
noted, {The angle, & can be found directly in degreas by utilizing the phase
control knob of the Motion Analyzer),

The machine is then stoppad and a trial weight of known mass, m,, is
fixed to the rotar at the angular position of the rotor reference mark,

Repeating the above procedure with the machine running ot the same
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speed as before and the trial weight in position, the reading on the frequen-
cy analyzer will ba, b, and the new angular position of the rotor mark s, §,
Fig.7,74c). It Is now possible to construct a vector diagram, Fig, 2,75, from
which both the required amount and the location of the preper correction
mass can be deduced. ln thy vaetor diagram the length of the vector v is
arbitrary, and so is its direction. Howevar the length represents the meter
reading, a, as shown, The vector, v; s then drawn at an angle, § — &, from

the direction of vy, and its length is?bx v

wight [kniwn}

Orlginal unbmlancs —
funknown) v, [} Position al balancing mam
271840

Fig.7.75, Vector diagram ilustrating how both the magnitute and the
direction of the original unbalance during operation can be
found

These two vectors {v; and vo} represont the ariginal unbalance force
vector (v;} and the combined ariginal plus trial weight unbalance force
vector (v,), The difference in unbalaneing force obtained by introducing the
trial weight, my, Is given by the veetor, vy, 8ince both the weight, m,,
causing the difference in unbalance between the two tests, and the direction
of the differance force vector, vg, are known, the magnitude and the direc-
tion of tho original unbalance can be found: Its direction must be at an
angle, 7, away from the actual position of the trial weight, Fig.7.76, and its
magnitude can be represented by o mass, M =%Lx m,, located the samo
distanca away from the center of rotation of the rotor as the mass, m,. By
utillzing the refatlonship between unbalancing and balapcing centrifugal
forces stated in Chapter 4 section 4,2 {m x r= M x o} it is possibla to place
the amount of correction weight necessary to obtain proper balance at its
correct location,

Usually the application of the above described pracedure once only is
not sufficient to ohtain complete balance, due to non-linearities and
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Fig. 2,76,  Sketch jllustrating how the direction of the original unbalance is
found on the machine

inaccuracies in the practical test arrangement, It is therefore often necessary
to repeat the procedure [adjust the corraction weight and its position) until
an acceptable lavel of balance is reached,

A second method of balancing the disc, which only requires the use of a
simple" Vibration Meter Type 2510, Fig.7.77, Is described below. This
method does, however, require four test runs of the dise. In three of the test
runs an experimental test weight s attached, To #llustrate the use of tha
mathod consider Fig.7.78. In Fig.7.7Bal an x-y-coordinate system haos been
laid out perpendicular to the axis of rotation of the dise, and Fig.7.78b)
shows the same coordinate system with the positions of the test weight
Indicated by circles. The length of the vectors, Fig.7.78b}, represent the
magnituces of the measured vibrations, and the angles represent thelr
mutual phase relationships.

Accelerometer 4138
Vitratlon Mewr

Rearing

arrers

Fig.7.77. Example of a "simple” balancing arrangement
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The vibration vactors are praduced hy the following unbalances:

Vectar U:

Vector Wy :
Vectar My:
Vector IVT;;:
Vector A:

Vector 8:
Vector C:

Vactor B:

Origingt unbatanca,

Unbalance resuiting from mounting the test weight "m, " an
a radius 'r" in position 1,

Unhalance resulting fram maunting the test weight "m,*’ on
radius "r" in position 2.

Unbajance resulting from mounting the test weight *'m, " on
radius r" in position 3,

Resultant unbatance of U and M
=U+ M1

§=U+MQ
E“U""m:‘

The catculated balance,

By first rupning the disc without tha test weight the magnitude of the
original unbalance (|vector U} can be found, The locus of the endpoint of

Fig.7.78.
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)] {b)

Graphicol analysis of the results oblained By measurements
carriod out by means of the arrangement shown in Fig.7.77

a} Position of the hypothetical coordinate system

b} Vectorial representation of the measured vibration levels
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this vector must be a circla around zero with radius equal to the magnitude
value of |U].

A second run of the disc is then made with the test woight, m,, mounted
in an unspecified position on the disc at a distance, r, from the center of
rotation tposltiqn 1, Fig,7.78b}),

The udd_i_tion of the test weight to the disc will in itself produce an
unbalance, M.

By means of this tast run the magnitude of the unbalance produced by a
combination of the original unbalance and that caused by the test weight,
m,, can be determined, i.e, the magnitude of the vector A,

Before a third tost run is made the test weight, m,, is moved to a
position 180° relative to its first position, and at the same distance, r, away
from the center of rotation (position 2, Fig.7.78b)). This will cause the
same amount of additional unbalance [N, to the disc, l.o.:

Wig = N4 ] = [RA]
and a resuttant unbalance magnitude equal to the magnitude of the vector
B = (M, + Tl is measured.
From Fig.7.78b) the following relationships can now be deduced:
B2= M2 +U? — 2 MU cos {y'}
AZ= M2 + U2+ 2MU cos (')

where ' is the angle betwaen the horizontal axis of the coordinate system
and the balance vectar,

Thus: 22+87 -3 U2
e A2

2 __p2
and cos {7’} =—;:1—h—dUB_

As cos {¥'} = cos (—y') it is not immediately evident whether the vector
D is located below or above the x-axis {connection line between test weight
position 1 and test walght position 2}, It is tharefore, in general, necessary
to undertake a fourth measurement with the test weight attached at
pasition 3 {Fig.7,78b)).
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The result of this measurement will ba the magnitude of the vector [C).

Then if C2 <M2 + U2 ¥ lies below the x-axis, while if G2 >M2 + U2y
lies above the x-axis.

Finally, If the balancing welght, m, is placed at tha same distance, r, from
the center of rotation of the disc as was the test weight, the necessary
weight for proper balancing can be determined from the relationship:

_
™ =

The methods describad above may be used for alancing in one plane, i.e.
for the balancing of rigid disc types of rotors, [f the rotor consists of an
otongated rigid body, such as the one shown in Fig,7.79 dynamic unbalance
may be present {see also Chapter 4, section 4,2), In this case it is then pot
sufficient to carry out the balancing In one plane only, and halancing is
nermally dane in two planes {1, 1) as indicated in Fig.7.80,

Boaring Draring

4
Rigid Rolor Hen

Fig.2.78. Example of an elongated, rigid rotor in its bearings

Special dynamic balancing machines (centrifugal balaneing machines)
have been daveloped for the purpose, When using these machines, however,
the rotor to be halanced has to be placed in the halancing machine, and the
machine operated aceording to prescribed procedures,

If it Is not possible to disconnect the rotor and place it in a proper
balancing machine, or if it is desirable to balance the rotor in its own
bearings, field balancing in two planes may be carried out according to the
following precedure,

Using a measuring arrangement of the type shown in Fin.7,72, and
making three test runs at the nominal operating spead of the machine
{rotor), the magnitudes and locations of the correction masses can be
determined,
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Fig.7.80, Sketch indicating the two balancing planes with the correspond-
ing hypothetical coordinate systems

During sach test run, measurements are made of the vibration level (at
the bearings) and the angle of maximum vibration tevel, referred to o
reference mark on the rotor, is found, The results are plotted in the form of
vectors in the two planes of balancing, Note that the phase angles are
marked out clockwise from the x-axis [Figs.7.81 and 7.82).

The test runs are made in accordance with the scheme tabulated below,

Test Mass Position

Notation of Vibration Vectors

Tost

Run [Plane | Plans 11 Plane | Plane 1l

o = ~ —“."1.0 My gilr g mz,n’ Moot £
1 '-‘.l"ar'!": - —“7'1.1 My il ﬁz.ﬁ”z,v’"—"’m
2 - Ryt Rpiley | My 5:My il , _“ﬁz,:-' My 2iL¥s 5

In run 0O the vibration vectors —lﬁ1 ,olinplane I} and _M-z,o {in plane 11) are
found with no test mass attached to the rotor:

_|\71| .o+ Vibration level My g; phase angle £ v, o

—
My i Vibration level My o; phase angle £y, o
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Direetien af ! *
ralation

Ny,

Fig.7.81.  Sketch indicating the thirections in which phase angles are drawn
in the described balancing procedure

ik

Inrun 1 a test mass, m,, fs mounted on the rotor and | (plane 1) at radius
Ry and phase angle .’_r1 {re. reference mark), Agoln the vibration vectors
are determined in both balancing planes,

In run 2 the same test mass, m,, is mounted on the rotor end Il {plane
1) at radius B, and phase angle Zrz, and the vibration vectors determined
as before,

The above scheme s then completed, and the results are illustrated
graphically in Fig.7.82.

It can, furthermore, be seen that:
- —
My 4 — My g Effect of m, at rotor end | In plane |
— i
Mz,4 — My g: Effect of m, at ratar end | I plane 11

—t —
M,z = My g: Effect of my at rotor end I in plane |

'
-

My 5 -ﬂm: Effect of m,, at rotor end [l in plane {1

¥

To praperly balance the rotor weights should be added at hoth rotor
onds so that they produce vibration vectars which are equal in magnitude to
IM1 | and [M2 ol respectively, hut point In the oppesite directions of l\.f!1 o

In mathematieal terms the problem copsists of finding two vector
operators Qy ¢ Qy;Lay and Qy 1 Qg Lo,
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ST TR . -

Plane | Plate 11
My -Mz0 1
" Mia-Mio a
K} "
20
Mya IR
Mz
[]
Plane t Plana 11
M2 =My o
Mo M2 "
1.
My Mg
M2
2]
Prana ¢ Plana 11
M:_n
M1, Mo Mip
Ma,1-Mz,0
M,J ‘M:‘u
(I |—£—|
TR

Fig.7.82. Vectarial representation of the vibration fevels

which satisfy the equations:

— — — —m —_ —_ -
(My,0 — My o) x 0y +iMy 2 =My gl x0y = =M, g

— — —r - - — —
{Mg ) = Mg g) xQq + (Mg 5 = Mg p) x Qg =—My o

A computer program in BASIC language, which will give the values of

Q,; Loy and Qp; Lag isshown in Fig.7.83,



Fig.7.83,
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ST
DYNAAL 10:06  KAN WA 01/0650

10 MG 22,012 21E12, ?I FII.?I.G[? PLHI A 12,1022
12 QMK 1, 21, 1 (2 20 M 13, 20, N i, 2I, DEIPIRADEZD A
" DIMSI? ?J T2 anui2, ?J \H'? ?l.Xr?,

0 FORY <1700

0 READAIYI,E [34]

40 NEXT Y

B0 LETE {1, = A (L) «COS (B {H/EH)
80 LEFC (1, 20 = A I1) « SN 1B 11)/52}
EF LETS 2,0 =C (1, 0

ek LETCer 20 =C (1, 1

0 LET D (1, 1k = A 12) + COS (B 1215
76 LET O (), 20 = A (2] « §IN 1B 24/5T)
80 LETQ (2, N =0 |l

i,
J=A (Y ' CﬂS 1 13)/87)
A tJI| bzﬁlN B (BT
I,

A |4l ] COS 8 415N
A ) »’SIIN 18 {41467)

hTMmTMmmmmO

FiLT
130 LET G (1, H » A (Bl v €08 10 (BB
N5 LET G (1, 20 = A {5} » SIN (B {B)/67)
140 LETG {2, 11=~-G (1, 2}
HELETG R B=GIL N
[50 LET H {1, B = A {B) « £O5 (8 (A1/57)
165 LET H (1. 2) = A {G1 » RiN (D 101/57)
180 LETHIZ, 1] » «H {1, 2}
MELETH(ZL N=HL N
200 MAT I=E~C

250 MAT § =

56 MAT T = @ ~
260 MAT U = INV ¢
266 MAT VW #5+U
20 MATY 1=C M
215 MAT =D s K
200 MATK =1 —J
205 MAT X =K » U

200 LET Y1 = SRV L, 11} ?
300 LET YT« SOR (X 1, 1112
310 JF V{1, 1] < 0 ThHEN 340
a0 LETYa =D

330 GQ TO 250

30 LET Y3 = A0

250 IF % (1, 1] & 0 THEN 380
G0 LEY Yaw D)

Jra GO 7O 200

330 LET ¥4 » (80

J00 LET YE « Y + ATN{V (1, 20V 1, 1)) « &7

400 LET YE = ¥4 + ATN IX {1, 2/ |1, 1) » 57

410 PRINT “MODULUS AND ARGUMENT OF Qn:™, ¥2, Y&
420 PRINT "MODULUS AND ARGUMENT OF Q2:", Y1, ¥&
SDU DATA 170, 112, B3, 70, 235, 84, 6, 68, 185, 1B, LI AT

_u

HUN
DYNDAL 100 KB MA D170

MODULUS AND AGUMENT OF O 1.721268 N0
MODULUS AND ARGUMENT OF 02: 927034 121.92

USED 8] BEC.

The computer program used in confunction with dynamic

balancing according to Figs.7.80, 7,81 and 7,82




Dynamic balancing according to the above described procedure has bean
carried out at Briiel & Kjar on an experimental rotor arrangement. The
results of the balancing, in terms of frequency analyses of the bearing vibra-
tions, are given in Fig.7.84,

of rolarfon)i:

o) o b

.j afosa balancin,
NI

After halancing!

| “Iw

uency of romlonﬂ_ T
e HiESE

(b) me0
Fig.7.84. Frequancy analysis of beating vibrations before and after

halancing

al Frequency spectra obtained from measurements on the rotor
pedestal at balancing plane }

b} Similar to a} Measured on the rotor pedestal at balancing

plane Il

Selectod Bibllography

ADKINS, F.E, and Dynamic Balancing at Heaton Works. Parsons,
GRAY, A.: Neweastle upon Tyne, 1950,

BISHOP, R.E.D, and The Vibratton and Balancing of an Unbalanced
GLADWELL, G.M.L.: Flexible Roter, J. Mech, Eng. Sci,, Vol, 1, No, 1.
June 1959,

EL-HADI, 1.: Zusammenstellung, Kritische Untersuchung und
Weiterentwicklung der Verfahren zum Ause
wuchten betriebsmiiBig aufgestellter Maschinen
mit starren und mit elastischen Liufern, Diss.
Darmstadt 1962,

233



—_—

FEDERAN, K.;

FEDERN, K. und
JAKUBASCHKE, 0.

GUINS, §.8, and
BURMIST, J .

JUDGE, A W.:

KOLBE, w.;
LAWRIE, g,c.:

LUND, J.W, ang
TONNESEN, J.:

MACDUFF, JN.:

PETERMANN, J.E.:

STISEN, &,
THEARLE, E 1. .

wiLcox, J,8.:

234

Grundlagen ainer systematischen Schwingungs-
entstérung wellenelastischor Rotoren,  vp)
Berichte, Bang 24, 1957,

Wie Wuchtat man werkstiickgerecht gus? Carl
Schenck Maschinenfabrik Mltteilungen, Heft &,
Darmstadt 1957,

Precisian Balancing of Retating Maching Parts,
Machine Design, Vol, 24, Nao, 12, Decembor
1952,

The Testing of High Spesdt Internal Combustion
Engines with Special Reference to Automobile
and  Alrerafe Types, Including Gas Turbines,
Chapman & Hall, 4. ed,, Londan, 19585,

Wuchten groRer Induktoren. Eloktrizititswirt-
schaft, 57, Jahrg, Haft 1, Februar 1958,

Precision Production Balancing, Tool Engincer,
Val. 3, N, 4, April 1953,

Experimental ang Analytic Investigation of High-
Speed  Rotor Balaneing, Research Report
Ne. FR8, Dept. of Mach, Design, Tech, Univ, of
Denmark, December 1970,

A Procedure for Fleld Balancing Rotating
Machinery, Sound and Vibratian, July 1967,

Balancing Heavy Shajts and  Rotors,  Aljis
Chalmers Electrical Review,  val, XX,
No. 1 - 1358,

Dynamic Balancing of Rotating Machinery jn.
Situ, Briiel & Kier, June 1979 {Unpubi, Report},

Dynamic Batancing in the Field, Trans, ASME,
56{10), 1935,

Dynamie Balancing of Rotating Machinery,
Pitman, Londan 1967,



8. SOME ADVANCED MEASUREMENT METHODS

8.1. Mochanical Impedance and Mobitity

The concepts of mechanical impedance and mobhility are very impaortant
in modarn vibration analysis for two major rensons:

1, They enable predictions to be made of the overall performance of a
complex mechanical system from a knowledge of the characteristics
of the system "'components”,

2, They allow estimations to be made of the force acting at a certain
point in the system from the measurement of a motional quantity,

and vice versa,

The concepts aro not new, actually they seem to have been introduced
theoretically already in the nineteen-twenties {impedance) and nineteen.
thirties {mability). However, the practical application of the concepts are of
a considerably newer date, and their experimental detarmination may still
{1971} be regarded as "advanced mechanical measurements”,

They connect the motion at a point fn a vibrating system with the force
causing the mation in that:

Z =-$- {Mechanical Impadance)

and . v
M -~ {Mechanical Mobility)

Hera F is the complex foree vector and ¥ the complax veloeity vector®),
From the above definitions it can be scen that mechanical impedance may
be deseribed as “resistance against being set into motion®, while mobility is
the converse (“willingness'' to be set into motion),

*} Because & ond ¥ are not only complox firte vectors, but also spare vectors,
mechanical impedances and mobilitios are actually complex space tensors. This fagt
somatimas complicates the practicol use of the cancepts considerably, In this text,
hewever, the space relationshipg have boen "neglected*’, and only time relationships

havr baen consfderod,
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The eoncept of mechanical impedance has grown out of the similarity
botween the differential equations governing the behaviour of linear
machanical and electrical systems, Since about 1900 electrical engineers
have with great success utilized the concept of electrical impedanca for the
analysis of electrical circuits. It therefore seemed quite reasonabla that
Intraducing the concept of mechanical impedance inte the analysis of
vibratory systems should turn out to be equally successful, Thera are, an the
other hand, several reasons why such a success could not be achicved
immediately,

First of all, white electrical eirewits normally consist of lumped parame-
ters (R, L, C} mechanical systems are, in general, of the distributed parame-
ter type, Secondly, it turns out that the impedance "analegy” is not so
straight forward to apply to mechanical systems because parallel electrical
elements “transform’* into mechanical series elements when this type of
analogy is used,

The second type of analogy, utilizing the concept of mechanical
mobillty, overcomes this difficulty, Hare parallel electrical elements is
anafogous to parallel mechanical elements, This may he easiest to undar-
stand in considering the fallowing: In the "impedance analogy"” mechanical
farce is taken to be analogous to electrical voltage and mechanical voloeity
to alectrical current, In the “mobility analogy”, on the other hand, force is
taken to be analogous to current and velocity to voltage.

Now, just ps the 1otal force acting at a point in a mechanical system is
equal to the sum of the partial forces acting at the same point 50 Is the total
current flowing through a point in an electrical circuit equal to the sum of
the partial currents, thus:

SFR=F ¢ X )=l
‘ .

Simitarly, the point in the mechanical system where the force, F, acts is,
due to the actlon of F, given a certain velocity, v, while the partial electrical
currant |; produces the same voltage drop, E, across all the elements in the
circuit where the total current is !, These facts are illustrated in Fig.8.1, and
show that from knowledge of elactrical cireuit theory it is a relatively simple
matter ta construct the mechanical mobility “eireuit”’,

If the impedance analogy was used on the system, Fig.8.1, the result
wauld be the clreuit shown in Fig,8.2, Here, however, confusion may some-
times arise with respect to reference peoints when the system considered
contains both serfes and paraltel elements,
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Fin.8.1. Example of a mobility type analag circuit
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Fg
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| [THE
s
FolFf o P * Faimpn * Fraimg = E=TF=F vEyvEg-
e en, venrea sLfanagsia
Muchanical Electrcal
cmeL: ke d
Impdancs Aralogy: m= L: Ry = B; & & s

Fig.8.2. Example of an impedance type analog circuit

To allow numerical values to be assigned to mechanical impedances and
mobilities consider the various lumped parameters of a mechanical system,
Le. massas, springs and dampers. The motion of a mass is governcd by
Newton's second law, i.e.:

vy,
dt

For an arbitrary sinusoldal eompanent of the force, Fy g = Fjy el then

Fn = m

dvmo = _Fg_eju:t
m

dt
and
Ve = f-f'-ﬁ‘lei”'dt =—j£°n—1-a]“”
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whereby the mechanical impedance of the mass is:

Frng - Fgelwt
Zn = v Tt fwm
mo FQ 33
jwm
and tha mechanical maobility
1
Mm =z *Tom

Similarly, the impecance and mability of a spring are:

de

k
4 ---]—'_.‘)andr\fls Rl

3
and of a damper
Zd = C and Md = "':;—'

Thus, summarizing the lumped parameter mechanical-electrical analogies
the following table can be laid out:

Impodance Analagy Mobitity Analogy
Mechanical Electrical Machanical Electrical
Forca Voltage Force Current
Valocity Current Velocity Voltage
Parallal Series Parallal Parallel
Elemants Etements Elements Elaments
Mass Inductance Mass Capacity
Spring Capuacity Spring Inductance
{inversa) {inverse)
Damper Rasistance Damper Resistance
J {conductance)

Furthermore, mechanical impedances and mobilities can be represented
vectorially in the complex plane. This is illustrated in Fig.B.3, while Fig.B.4
shows the frequency dependency of the different lumped parameter imped-
ance and mobility elements,
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Fig.8.3, Vectorial representation of mechanical mobility and impedance:
a) Mobility type vector diggram
b} Impedance type vector diagram

[

2'1 3

Fimparsy =

)

Fig.8.4, Frequency dependency of lumped mobility and impedance
parameters -
o} Mobility tumped parameters
b} Impedance lumped parameters

An example of the use of analog analysis is given in Fig.8.5, Here the
lumped parameter representation of a so-called Artificial Mastoid {B & K
Typs 4930) is shown in Fig.8.5a}, while Fig.8.5b} shows the mobility analog
and Fig.8,5¢c} the Impedance analog circuit {The Artificial Mastold is used in
the field of technical audiology for the objective calibration of hone con-
duction hearing alds).
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Fig.8,8. Lumped parameter representation of an Artificial Mastoid and its
alectrical analog circuits
a) The mechanical system
b} The electrical mobility analog circuit
¢} The electrical Impedance analog circuit
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i

Before discussing the more practical aspects of mechanical impedance
and mobility measurement it should be mentioned that other quantities
than "velocity” mobility and *velocity” impedance are somstimes used to
charocterize the connection hetwesn the driving force and a motional
quantity, For instance, when the force is measurad ralative to the accelera-
tlon ona ebtains the acceleration impedance, or the apparent mass, Similaly
& displacement impedance, or dynamic stiffress, may be defined. The
corresponding mobility concepts would be the acceleration mohility or
inertanice, and the displacement mobility, often termed compliance or
receptance.

Also, the varfous impedance and mobility concepts may be defined as
point impedances and point mobilities, or as transfer impedances and trans-

fer mobliities, see Fig.8.6.
)

Tramlot lmpecance x ¥ th)

-

Peinl Impsdance  —,

B

v

Fig.8.6, Iflustration of the concepts of point impedance and point mobility,
and of transfer impedance and transfer mobility
al Point impedance, point mobitity
b} Transfer impedance, transfer mobifity
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When the mechanical system being studied can no longer be considared a
lumped parameter system, i.e, a system consisting of Individual masses,
springs and dampers, etectra-mechanical analogies may stifl be applicable in
the form of transmission line theory, This does, however, to certain extent
complicate the use of analogies in theoretical treatments,

In practice mechanical point impedances or point mobilities can be
determined by 'means of measuring arrangements of tha type shown in
Fig.8.7, Here a vibration exciter is connected to the mechanical system
being studied via a so-called Impedance Head,
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S _"E.‘.‘f’

Prvomplibet
& inleyator

Accrl. Swinal
a) -
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Fig.8.7. Measuring arrangements used to delermine point impedance and
point mobilities
al Arrangement for point impedance measurements
b) Arrangement for point mobilfty measurements
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An Impedance Head s an electro-mechanical device which contains two
types of electro-mechanical transducers, One of the transducers measures
the force which is applied to the structure beipg investigated while the
second measures the motion of the point to which the foree is applied,
Noarmally, the mation is measured in terms of acceleration, and the output
from the transducer is electronically integrated to obtain a signal pro-
portional to velocity,

The actual copstruction of an Impedance Head can be seen from Fig,8.8,
It contains basically as mentioned above, an accelerometer and a forco
gauge, These are made up of pairs of lead zirconate titanate piezoelectric
discs with conductors sandwiched between them and leading out to output
sockets in the housing, A seismic mass of tungsten alloy is mounted abave
the accelerometer discs, The driving platferm below the force gauge is
machined from boryllium te obtain high stiffness and low mass {weight
1.0 gram). It can be fastened to tha test specimen in varlous ways, see also
Chapter 5, section B.7.

Mouning Surrace
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{Tranwm)
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Driviny Pain arond

Fig.8.8. Curaway schematic view of an impedance Head

The measuring arrangements shown in Fig.8.7 are capable of recording
the measured results automatically. If the desired end result of the measure-
ments is the point impedance the arrangement shown in Fig.B,7a} should be
used, white the one shown in Fig.B, 713} is intended for paint mobility meas.
urements,

In the ecase of impedance measurements the velacity level of the
maasuring peint is kept constant, whereby a recording of the force leve!
Immediately indicates the absolute value {modulus) of the impedance as

121 =IF[/ V1.
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Similarly, 1f it is desired to record the mobility of the measuring point
the driving force level should be kept constant and the velocity levol
recorded [M| = {V[/IF],

Fig.8.9 shows the result of impedance measurements on a lathe's cutting
tool made by means of an arrangement of the type shown in Fig.B.7a). Here
only the modulus of the impedance {|2]) is given as a function of frequency,

-
F
A
Vibrator
a)
Imped. c‘n}uing
Head Tool

e,

2. Cutting taol In outer position
Fig.8.9. Pointimpedance measurements on a lathe’s cutting tool
a) Measurements with the cutting tool in its normal position
b} Measurements with the cutting tool in its outer position

in some cases of impedance and mobility measurements it is found that
signal harmonles and extraneous noises interfere with the measurements, To
overcome this problem use can be made of two Heterodyne Slave Fiiters as
indjcated in Fig.8.10,

When measurements ore carried out on farge structires, or when it is
desired to determine transfer impedances, or transfer maobilities, separate
force gauges and accelerometers should be used, see Fig.8,11.
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Fig8.10.  Measuring arrangement suitable for frecuency seléctive measure-
ments of paint impedances and point mobilities
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Fig.8.11. Use of separate force gauge and accelerometer for the deter
mination of transfer impedance and transfer mobilities

Fig.8.12.  Photograph of the Brie! & Kjer Force Transducer and Imped-
ance Heads
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Finally Fig.8.12 shows a photograph of two Impedance Heads and a
Force Transducer produced by Briiel & Kjar,
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8.2, Cross-Correlation and Cross-Spectral Density Measuremants

There are several methods of relating measurement data observed at a
certajn point in a system to data obtained at some other chservation paint
within the same system, The most straight forward method may simply be
to compare the data direetly by eye.

Howaver, even if the human ave is an amazingly sensitive and selective
measuring device, situations occur whare such comparison s extremely
difficult, Also, although a gualitative measure of the relationship between
data may be obtained by merely leoking at the time records, it is not
possible in general to obtain a quantitative measure of the relationship by
means of this “"method”.

Mathematical physicists hava therefore introduced the so-called cross-
corralation function which actually gives a quantitative measure of the
relationship

lim 1
Yy (71 = T-*Dﬂ_f—ff" {t) f, (t+7)dt

Here f, (t} is the magnitude of a signal ohserved at the point x at an
arbitrary instant of time, 1, and f, [t+7) is the magnitude of a signal
observed at g point y a time T later, By varying r the relationship between
the signals at x and y as a function of time dalays is obtained,
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Fig.B,13 shows a “classic’ example of such a correlation function, It can
be seen that when 7 is zero practically no relationship exists batwaeen the
two signals, By increasing = [t becomes evident, however, that a certain
relationship does exist, At a certain delay-time, T,, this relationship reaches
a maximum, whereafter the relationship again decreases to zero for large
values of 7.

A relationship of the kind indicated in Fig,8.13 Is typical for a system
which is frequency independent and contains some sort of time delay
mechanism. If the maximum value of ¥, {7} is equal to unity the signal at
y is exactly the same signal as that at x, but delayed a time 7. On tha other
hand, if 1,’:“, {7) Is less than unity only a certain part of the signal observed
at x is present at v,

byyinl

|
I
|
|
|
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{
|
I
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|
)
:
L

. Time Oclay +
" i

Fig.8.13.  Sketch indicating the cross-correlation function for a hypaotheti.
cal frequency independent random process

The case illustrated in Fig.B8.13 is an idealized case and this kind of
correlation function is found rather rarely in practice because normally the
system within which observations are made is frequency depandent. To
investigate the frequency dependency use may be made of Fourjer trans.
form methods, The result of applying the Fourier transform to the cross
correfation function is the cross-spectral density function {see also chapter

2, section 2,2):
Wy () = [ Wy (7} e=i2nfr g

This function is, in general, complex, contalning both real and imaginary
terms, s fact which is readily sesn in that both magnitude and phose
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measures should be praserved, (Time delays, for instance represent phase
differences in the frequency domain),

Frem the theory of Fourier integrals it is known that y’J,,v {7} can also be
found by inversion,

Uy (1) % [ Wy, (1) 20F7 of

writing
Wyy () = W,y (R a=lef

and considering the fact thet ¥, {7) Is always a real quality one obtains:

Yy 17) =_f: Wiy (0] olt2ntr=p} g =_f: Wy (fl cos (27 f - df
This can also be written:

Wy (7} =__E IW,W (f} cos gy cosf2nfr)df +_J: |w,w {f}] sin gy sin(2 7 f7) oF
Consider now that an ideal analog frequency mnalyzer will allow only

that part of the signal 1o be measured which has frequency componcnts
within a narrow frequency band, Af, see Fig.8.14,

LAl

= r
Ar Fronuoncy

N

Fig.8.14.  [llustration of an “ideal’’ frequency analysis

When no attenuation or amplification of these frequency components
takes place in the anolyzer, and both analyzer channels used have equal
phase shifts then the cross-correlation betwoen the two measurement chan-
nels s given by the expression:

fyaf feaf
Veyar 111 f 2,y (0] cos ¢y cos (Zafridf+ _ff 2 W, (1] sin g sin (20 f7)df

The roason for introdueing 2 Wy, ()] instead of (W, {f) is that in

physically realizable systems only positive frequencies are involved, while
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W,y (fl was introduced for mathematical conveniance where both positive
nnd negativa frequencies were considered,

When Af—>0:
"""VM r) =2 IW“, (Nlcoswycost2nfrlAT+2 IW" tflsinep sin(2mfr) AT
Setting 7 = 0 and utilizing the ariginal definition of l.fl,w {7} then

2 W,y il cosyy Af = T'"_','m T JTf,‘M (Wl fy,, (0 dt

Rearranging this equation and ser.ting2 Wy (F)lcosy =C,, (] gives

lim lirm
Gy 0= A T 5 JTf*m {0 fy o 111

Furthermore setting 7 = —(900 phase shifth in the above expression for
{) gives:

lim lim
Quy (1= A(T 0 7o TS gy 1 Ty 11

v

XY af

where Ow {f) = 2|va {f} sin wi and f" m Is equal tof (t) shifted

0° in phase, Gy, {f} is denated as the co- spectral density functlon while
xv () Is the quadratum {quad) spectral density function,

Fram the derivation outlined in the preceeding text it is seen that:

Wey 0 = Cyy 1} =i Q,, if}

ar
Wy, (] = JC.FHHQ..,’(U

and (”
9= Py () = tan™) [—“F)'

wheare IW {f)] is the absolute magnitude {modulus) of the cross spectral
density functmn at the frequency f and Pry {f} is the phase differance
botween the signal at x and the signal at y,

As the cross-cortelation Tunction and the cross-spectral density function
constitute a Fourier transform pair the same amount of information is
contained in W,, (f) as in Y, (7). Whother ane or the other of the two
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functions should be used to solve a particular practical problem is therefare
bosically a matter of copvenience, as will be discussed 1o some extent in the
following.

Because the crosscarrelation function ¥, {7} is a function which
depends on time {or rather on time delays}, 7, It seems obvious that when
systems contzining tiene delay mechanisms are studied use should preferably
bo made of this function directly, This statement [s, hawever, a "truth*
with cansiderable limitation.

In Fig.8.13 it was shown that a cross-correlograrn clearly showed both
the time delay, 75, and the magnitude of the correlation ., {75} involved
in o particular hypothetical process. It was also stated that in this cose the
transmission paths within the system were frequency independent, Now,
what happens it the transmission paths lor the signals) are frequency
depondent? Fip.8.15 gives an indication of the answer to this question, The
system on which this correlogram was measured consisted of a mechanical
framawork with two tightly coupled resonant modes [n the transmission
path, If more resonant modes andfor reflections had been present the
correlogram would have become still more complicated.

Corglalion
Colhpunt

r
-

YN
25 an MHliecundé

Tighlly €oupled tnodes - nre mods predomitant
dnint

Fig.8.15. Cross-cotrelation function measured on a mechanical framework
with two tightly coupled resonant modes, ({.S.V.R.}

Theoretical analogies {and practical experiments) have pointed at the fact
that a bandwidth-reflection time limitation of tha kind:
ey LT}
Aty %7, 2Cy Ty 711
min 52 1 wxv (72‘
exists in correlgtion function measurements, Here ¥, (T, (r9)
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represents the ratio betwten two successive correlation maxima and 74 =
Tg — Ty, s6e also Fig.8.16. Ay, is the miimum bandwidth lnvolved in
the correfation process {and measurement] and the constant ¢y may be
taken in the range 2 — 3.

byt

b aginl

bty

Fig.8.16.  Sketch iflustrating cross-correlation maxima and time delfaysin a
hypothetical random process

Thisg ilmitation in bandwidth-reflection time makes the use of correlation
functian techniques in the time domain seem a quite unrealistic proposition
{or vibration studies on complex mechanical structures, On the other hand,
the cross-spectral density techniques {in the frequency domaln) seems to
offer considerable possibilities.

The basic principle involved in cross-spectral density measurements s
illustrated in Fig.8,17. From the figure it can be seen that the measyrement
of co- and quad speciral density functions is a rather straight forward
matter, Also In this case, however, cortain practical restrietions regarding
filver bandwidths and signal time delays are imposed upon the measure-
mernits, in that here a limitation of the kind

Bfimox % Tmax SCs

can be shown to exist. Af,,, Is now the maximum bandwidth invalved in
the measurements and 7, 5, 15 the maximum delay time between the signals
to be correlated, A suitable value for Cz is 0,3,

From the above discussion it is seen that the restrictions imposed upon
practical correlation time function measurements and those imposed upon
cross spectral density measurements actually oppose each other,
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Fig.8.17, Principle of operation of an analog crass-spectrum analyzer

In correlation time function measurements a certain minimum measure-
ment bandwidth is required to allow for proper determination of the
correlation function maxima while proper cross-spectral density measure-
ments require the measuremant bandwidth to be smalfler than a value given
by the relationship Co/7, oy

One of the most Interesting applications of the cross-spectral density
technique in the field of mechanical vibration studies might be the
possibility it offers to determine complex transfer characteristics in a system
without interfering with the system's normal operation. This kind of
measurement is of particular importance in the fields of shipboard, aircraft
and spoce vehicle vibratlon but has also been utilized in vibration studies on
automobiles and special machinary,
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Fig.8.18. Hlustration of transfer characteristic measurements on a
complex machine without interfering with the machine’s normal
operation
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The relation between tho cross-spectral density measured between the
point x and the point ¥ in the system sketched in Fig.B,18, the ordinary
mean square spectral density, W, {f}, measured at x and the {complex)
transfer characteristic batween x and vy, ny {f} is:

Wy 11l = Hyy (fH W, (f}
Thus, the function H,w {f} can be completely determined from measure-

mants of the co- and quad spectral density functions between x and v, and
the mean square spectral density function at x,

)
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Fig.8.19. Cross-spectral density curves obtained from measurements on a
two degrees-of-freedom system excited by “white” random
noise
a} Co-spectral density curve b} Quad spectral density curve
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To demenstrate the use of this technique a simple experiment has been
madeo at Brilel & Kjoer on an electrical analog medel consisting of a two
degree-of-freedom system, The resulting co- and quad spectral density
functions are shown in Fig.B,19. Because the input to the system [n this case
consisted of random noise with constant mean square spectral density
(W, [f} = constant} the graphs shown in Fig.B.19 at the same time
represent H,y, (1),

The practical experiments were carried out by means of the meoasuring
arrangement shown in Fig.8.20, which consists of a control oscillator
(Briel & Kjmr Type 1025} two Heterodyne Slave FHters Type 2021, a
Graphic Level Recorder Type 2305, and an electronic multiplier, 1t might
be mentioned, in this connection, that the Hetercdyne Slave Filters have
been designed to include a phase-shift of 909, specifically for use in cross
spectral density measuraments.

(14 Huracadyna ty 4 Ihetatodyne
Canirol Genarator Slave Fihret
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»
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Luvel Hreonler Mulliphar
b Sl 3 g
J 11%ed

Fig.8.20. Practical measuring  arrangement wsed for cross-spectrum
analysis and utilizing two Briie! & Kf®r Heterodyne Slave Filters
Type 2021

Finally, it should be pointed out that by measuring both the cross
spectral density hetween tha signals observed at the points x and vy in a
physical system and the ordinary mean square spectral density at both
points the correlation coefficient Ryy botween the two signals can be
calculated from tho formula:

R = Mz_,u

x
v w’“‘ WVV
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As this coefficient depends on frequency it is normaily termed coherence
function (to distinguish it from the correlation function which is defined in
the time domaln), The coherence function is often denoted by 7, ()
whereby the above equation takes the form:

TN W,y (]2
Xy Wy (0 W,y (07
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8.3, Probability Density Measurements and Description

A great variety of probability density functions can be derived and used
for the description of random processes, One of the most impartant of these
functions is the probabllity density function for the instantanecus ampli-
tude values of the process also designated as the first order probability
density function {see Chapter 2, section 2,2), The reason for designating this
function will be clear from the discussion later in this section where also
higher arder probability density functions aro introduced,

The imporianee of the first order probability density function may be
better appreciated by considering a specia! class of random processes, nama-
ly Gausslan {normal} random process, This type of random processes accur
relatively frequantly in nature and it has been shown by Rice and others
that if the process behaves lineariy and has a Gaussian first order probability
density function then the process is more or less completely described by
means of its mean square (power) spectral density function {or its correla.
tion function), It Is therefore of considerable practical interest in the study
of random processos to be able to measure the first order probability
density funection, If this turns out to be Gaussian, only very few further
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measurements are necessary for a satisfactory description {assuming, of
course, that tho procass being investigated Is stationary),

in cases whero one knows that the process behaves linearly, ig, where no
selective amplitude nonlinear element (non-linear resonance) Is prasent, a
measuremant of the mean square spectral density function enly, will
normally suffice,

Should It not be possible, however, from beforehand 1o judge whether or
not tha process behaves linearly, a check on this may be obtained for

. instance by simply integrating the time function once and repeating the

measwrement of the first order probability density function, in this case an
the integrated time function. An example of such a case is a randomly
axcited resonant system containing a non-linear stiffness element {see also
Chapter 3, section 3.2},

Fram measurements on these kinds of systems, it js found that the first
ordar probability density function of the refative velocity, v, In Fig.8.21a),
has a perfect Goussian shape, Fig.B,22a}, {This can alse be confirmed
theoretically}, However, if the velocity signal is integrated once with respect
to time, i.c. turned Into a relative displacement signal, the non-linzarity will
show itself clearly in the probability density characteristic, Fig.8.22b).

Foam® Fuiew o F 1l
ul
[} Aalatier
ot Velotity = v,
FooCoy, Hel. Divp,
| 2
‘a) “J} LYY

Fig.8.21. Example of a single degree-of-freedom system contalning a non-
linear suspension element of the hardening spring type
a} Mechanical moctel
b} Static force versus displacement characteristic of the spring

element

Although the nondinearity may also be detectad by other means, for
instance by probability density measurements on the differentiated velocity
signal, integration has heen chosen here, because it is a relatively simple
aperation to perform electronically, see Appandix E.
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Fig.8.22.  Examples of first order probability density functions
a) Probability density plot for the instantaneous relative

vefocity of the mass
b} Probability density plot for the instantaneous relative dis-
placement of mass
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An instrument which allows the measurement of probability density
functions is shown In Fig.B8.23 and Fig.8,24 shows the schematic block
diagram of its operation whenp switched to measure first order probability
densities. Briofly, the functioning of the arrangement is as follows, The
slgnal to be analyzed Is fed to the input of the instrument, wheraaftey its
actual level is “normalized” {to 1 Volt RMS) by means of the input
potentlometer, A varifable DC signol s then added in the input amplifier and
the resulting signal {Input + DCY led to two measuring "'window” detector
circufts {electronic flip-flaps), The measuring “window™ is here adjusted to
0.1 ¢{0,1 times the narmalized input signal RMSwalue = 0,1 Volt).

By letting the outputs of the "window” detectors control a gating
circult, it is possible to measure the time intervals during which the Input
signal stays within the "window" {re. aiso Fig.2.8},

Fig.8.23. FPhortograph of arr analog probability density analyzer

2568



e L T

FUL T S B T s

EINTLE

youtiul
2l

@ EQ
N

Bivala iy 1=
tor wywl

ot

Ot
1 ‘ID MH¢
Ser NMS §
)

¥
S0t w level 1 o 10 MH2
I

Fig.8.24. Black diagrom illustrating the principle of operation of the
probability densfty analyzer shown in Fig.8.23 when switched
to measure first order probability densities

The signal from the gating circuit Is either used to eontrol a 1 MMz {or
10 MHz) built-in ascillator, or fed to an averaging clrcuit and instrument
meter, When properly calibrated the instrument meter indicates directly the
probabillty density, and by varying the DC added ta the signal in the input
amplifier the probability density can be measured ot various amplitude
levels {from =5 o to + 5 o), If the gating circuit is used to control one of the
built-In precision oscillators a digital output is also abtained,

The DC-signal can be varied either manually or by means of a builtin
stepping motor whereby automatic recording of the measurement data s
possible. An example of such a recording is shawn in Fig.8.25 and the
corresponding measuring arrangement in Fig.B.26, As the recording instru.
ment, a Brilel & Kjar Level Recorder Type 2305 was used, switched for DC
recarding and supplied with a 50 dB logarithmic range potentiometer, The
use of logarithmic recording bears some advantage in that the same rejative
aecuracy is obtalned in the recording over the full amplitude range and the
very low probability densities obtained from measurements of high ampli-
tude levels are more easily read from the curve,

It sheuld in this connection be mentioned that very long averaging times
are required to ohtain a reasonable measurement accuracy at very low
probahility density levels, This may in some cases {narrow band random
signals and sharp Infrequent pulses) make measurements at these prohahility
density levels rather tedious, because the "bhuilt-in" averaging time may not
be sufficiently long to produce the required accuracy, 1t is therefore often
convenlent to automatically record the probability density curve with a
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Fig.8.25, Example of automatically recorded probability density data

relatively short averaging time and then specifically investigate regions of
low probability density by manual measuremants using the digital output
from the instrument in conjunction with an electronic counter,

The Instrument shown in Fig.8.23 is capable of measuring several other
statistical guantities apart from the first order probability density of
random time functions, This will be explained below,

In cases where the results of first arder probability density messurements
Indicate that the process being investigated is non-Gaussian, an experimental
determination of its mean square spectral density function is normally not
sufficient for an adequate description,

Prob. Pendity
Analyper M 181

o EHEH

tawt Hoardar

- Lo g

2105
Apods
Fin.8.26, Measuring arrangement used to record the curves shown in
Fin.8.25
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One way of abtaining further relevant information about the statistical
behaviour of the process is then to determine some higher order probahility
characteristics, A higher order probability characteristic Is a characteristic
which does not depend only upon the average behaviour of a random signal
when it Is insida a narrow amplitude window, Ax in Fig.2.8, but it defines
certain rastrictions as to the behaviour of the signal also when it is outside
Ax. A great verlety of higher order prabability characteristics can be
farmulated, among which is the probability density function for the process
maxima, Flg.B.27,

Vibra1i0n maanma registete
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Fig.8.27.  Sketch illustrating the principles involved in measurement of the
probability density of random vibration maxima (peak
probability densities)

That this is a higher order probability density function is clear because it
restricts the observations on the signul inside Ax to cases where the
magnitude of the signal is smaller than x both immediately before the signal
enters the window and immediately after it leaves it again. By plotting the
number of maxima inside A x per unit time as a function of signal level, x, a
curve proportional to the probability density curve for the process maxima
is obtained. When this curve Is normalized to unit area it is commaoniy
termed the peak probability density curve.

To illustrate the use of peak probability density data consider first a
completely linear, single degree-of-froedom system excited by Gaussian
randem vibrations. The peak prohability density curve for the relative dis-
placement of the mass can In this case be shown, both thacretically and
experimentally, to follow a so-called Rayleigh distribution function

{Fig.8.28a): 2

x =
pix) =250 27

{f now the single degree-of-freedom system centalns a non-linear stiffness
element of the hardening spring type, Fig.8,21, the shape of the peak
probability density function of the refative displacement of the mass wiil
depend upon the level of excitation, The limitatian in dlsplacement caused

by the hardening of the spring is clearly naticed,
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Fig.8.28, Example of peak probahility density data

a} Peak probability density curve valid for the relative digplace-
ment of the mass in g linear single degreo-of-freedom systern
excited by Gaussfan random vibrations

bl Peak probability density curves valid for the relative displace.
ment of the mass in a single degree-of-freedom system, contain-
Ing a non-ltinear suspension element of the hardening spring
type, excited by Gaussian random vibrations

To further illustrate the displacement limiting effect of the hardening
spring Fig.8,29 shows some oscillographic samples of the displacement
waveshapa, {The oscilloscoplc recard has been obtained from analeg model
studies made at Briiel & Kjer),

Even though the records shown in Fig.8.29 are very illustrative, thay da
not lend themseives ensily to quantitative descriptions, On the other hand,
probability density data, such as shown in Figs.8.22 and 8,28, do aitow for
quantitative descriptions of the vibrations being studied, These data are
therafore of considerable value in obtaining measures for, for instance, the
damaging efiects of vibrations, see also Chapter 4, section 4.1,
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Fig.8.29. Samples of the relative displacement signal in a single degree-of-
freedom system containing o hardening spring type non-
linearity. (See also Appendix C)

It was mentioned above that the instrument shown in Fig.8,23 is capable
of measuring other statistical quantities apart from the first order
prabability density function, One of these quantities is the peak probability
density function, and Fig.B.30 illusirates the principle utilized. The
“normalization’* of the input signal lgvel as weil as the setting of the
“window" level {DC) are axcactly the some as described earlier in connec-
tion with Fip.8.24, However, to produce an output proportional to the
number of peaks {signal maxima) which occur inside the measuring
"window™ it is necessary to "bloek" the detecting cireuit when the signal

Inelicoting
Muter

Byiv Oul
tAnalog Aec.)

Lavel DM, Nelw,
~— | Detoctor m & Poianty H

Quvide by for Input

¥
Setin Lowl

podk PRI

Fig.8.30, Block diagram illustrating the principle of operation of an
analog probabifity density analyzer switched to measure peak
probability densities
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passes through the "window". This is accomplished by means of electronic
logic circuitry and can be basically understood by a study of Fig.8.30, If the
signal passes the upper limit of the “window™ a pulse is produced which
blocks the peak detector circuitry sa that no output is obtained,

Cn the ather hand, if the signal passes the {ower limit of the “window"’
but does not pass the upper limit before it leaves the “window" again, the
peak detector cireultry produces an output pulse. The pulses preduced by
the peak detecting clrcuitry can either bo measured as such {digital record-
ingl or they are fed to an integrating and averaging circuit which produces
an analog ocutput preportional to the peak rate [maxima per second).

Automatie recording of the analog data can be made in the same way as
shown In Fig.B.26. If desired the measured peak "rate” can also be read off
the instrument mater,

By combining two of the instruments, Fig,8,23, higher ordar probability
densities other than the peak probability density function may be measured,
such as the function commeonly termed the joint probability density
function,

A1 ¥

268017

Fig.8.31. IHlustration of foint probability density data presentations
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The joint prahability density function describes the probakility that the
data at two points of abservation assume valuns within some definod palrs
of amplitude “windows'' at any instant of time, divided by the product of
the “window" widths:

P lim lim  [Pix)=P(xtdxhPiyi—Ply +Ay)]
PIGYE = Ax~0 Ay—0 Bix Dy

This is a much mare complicated furction than the other probability
density functiops discussed in this section of the book and although it
contalns 8 rather large amount of information It has, to the author's
knowledge, very rarely been used in practical applications.

A vory impartant reason for this might be the time required for its analog
measuroments, That the time required to measura the Joint probability
density function is rather large, follows from the fact that all combinations
of amplitude values, x and y, must be considered, The resuit of such
measurements is therefore no longer a curve, but a surface, Fig.8.31,

The first order probability density curve and the peak probability density
curve, are on the other hand relatively gasy to measurg, and are, therefare,
especially attractive to use in the description of complex random vibration,
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APPENDICES
Appendix A

On the Statistical Interpretation of the RMS-value

in canjunction with the brief discussion carried out in Chapter 2, section
2.2, on the probabilistic description of random vibration signals it might be
of consicderable interest to rolate the concept of the signal RMS-value to this
kind of data.

The definition of probability density given In section 2,2

Iltm Pix} —P(x+Ax)
pix) = Ax=0 Ax

Immediately leads to the following expression for tha prabability of finding
instantaneous amplitude values within the (small) amplitude interval, Ax:
Xx+Ax
Pix)—Pix+Ax) = Plxxx+Ax)l= [ p(x)dx
x

When x Is a function of time as indicated in Fig.A.1, then
T At At
T

XEAK
Pl;x+Axt = [ pix)dx=
X T
Defining now the statistical quantity
o?= [ x2p(x)dx
this may he exprassed as follows:

20 42 im 3 2p i =
g =_fﬂx px) dx = Ax—0 =% Pix;x+Ax)

o dm JF oAt T2 AT
Armo 35T QJTT‘"'TJ,T"‘“

a2'ls, in the literature on statistics, commonly termed variance and the
square-root of the variance s called the standard deviation, a, However,
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Fig.A. 1. Example of a stationary random time function (vibration)

when the statistical phenomenon being studied is a stationary time-function
as shown in Fig.A.1, then

S L I
o T;,]Txmdt

which is nothing but the expression used in englneering dynamics for the
signal AMS-value, Thus, besides being related to the power involved in the
process, the RMS-value is also directly related to the process statistics, This
may be best appreciated by considering the fact that most probability

Probeixlity deamty

FoT)

Fig. A.2. Mlustration of the refationship between the instantaneous magni-
tude values in a Gaussian random vibration signal and the Gaussian
probability density curve
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density curves are expressed in terms of standard deviations (RMS-davia-
ticns), see also Fig,2.9, :
i

Finally, Fig.A.2 illustrates the relationship between the instantancous .
amplitude values in a Gaussian random vibration signal and the Gaussian :
probability density curve,

Appendix B

Rospanse versus Excitation Characteristics for Linear Single Degrec-of-Freo-
dom Systems

tn Chapter 3, section 3.1, the differential equation of mation for a
force-excited, |inear, single degree-of-freedom system was formulated {see
also Fig.3.1b) and Fig.B.1a) betow):

i S, S
moE tey +kx=f{t)
Ilrll
Maw PP P M [E ORI . ¥
L)

Fig.8. 1. Models of a single degree-of-freedom sy stem
a) System excited by a force acting upon the mass
b} System excited by motion of the foundation

By Faurier transformation it was shown, furthermore, that the displace-
mant response, x, of the mass, m, to a sinusoidal exciting force can be
written:

% = Hl{w) F, elwt

where
Hlw} = __..__11""_‘0__.._ \
wuz —w? +i-a-9-w
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H {ew} was termed the compiex frequency respense function,

Remembering that w, = %—n 27 f, the complex frequency response
function ean be rearranged to yield
1

H{f) = -
k1= G2 i)
or 1
|Hlf)l=k T2z, 1 .f2
[T—(‘f’;} ] +—0-2-(~{:)
wifl = tan~T ____{_T_{___
o] A
O[T- ‘ol

where |H {f)] is the absolute value of the displacement frequency response
function and

@ {f} is the phase /ag between the displacerent of the mass, m, and the
axciting farce,

By utilizing the relationships

dx d?x
v (t} it and a (t} = a2

the velocity and acceleration frequency response functions can be readily
found, The results are tabulated below and the corresponding functions are
araphically illustrated in Fig.B.2,

Force-excited, linear, singlo dogrea-of-fresdam sysiom

Responsa quantity Fraguency respanse funciion

Dizplacement of mass, m, H, el = —-——1——‘—3—
Fig.B.to) m (wy? - w? +]—ﬁﬁw}
Velocity of mass, m, H, {w] = —'-'—'*lw—'——';——
Fig.B.1a) m (g2 — w? Rl

—?

Acceforation of mass, m, Hy feat & ———— e —
Fig.B.1al m fag? —w? +] ﬁgw,
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If the cxcitation of the system is not o force, but a motion of the
foundation Fig.B,1b} a large number of response versus excitation functions ;
can be formulated. The response of interest may, for instance, be the :
absolute mation of the mass, m, or it may be the relative motion between
the mass and the foundation {the loading on the spring element),

Responso versus excitation functions for the absolute motion of the mass
are tabulated below.

Respanse Excitation Quantity Fig.B,1b)
Cuantity,
Fig.B.1b) Displacement Volocity Acceleration
D D D
i a=L Y = 1_
Eltstp;lucnmum IH (0 5y [H 0l T ity [H (1 D,
Volocity Minl= 2200 | a2 H (5= ol
D D 2mip
v, {1 2 2 ?
2
Accoloration IHIUI-% H tfllﬂz—"-'-[—)-'- H {f)lﬂEl—
a, 1) 2 Dy [}
whare 17
= o= {===) 2
D, 1 a2 { fn'
and fza. 1 fuo
— - .‘. et
DZ = d [1 tfo) ] 02 (fu,

Similarly response versus excitation functions for the relative motion
between the mass and the foundation can be tabulated:

Rasponse

Excitation Quantity Fig.B.1b}

a, {th —a,, {t}

Quantity, Displacemant, Velocity, Accaloration,
Fig.B. 16} %, (1) Voo (1) A, (0
Ralative 22

411< 1 27f 1
Displacement | [H (fl] = H{f} = Hif]=
2 {th =% {1) 41 f,2D, an?i, 4D, 41t,2 Dy
Relative

am an2? 2nf
Velocity M- IH ¢f)] = [H = 7
vy {1 = vyq tl 4n2f,2 D, A4 f,2D, an?f,2 0,
Relative

1608 4 a3 47212

Acceloration, | [H{fll= im 120, [H ()= 71,70, M e g 7220,
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where Do has the same meaning as before,

By studying the above tables it is readily noticed that when one of the
desired response versus excitation functions, |H (f)], has been formulated
the other fallows immediately by manipulating with the quantity w=2 1 f,
see also the curves, Fig.B.2, That this must be so follows Immediately from
the mathematical relationships between the displacement, wvelocity and
aeceleration,®)

nopoDNNAadlupgooDounoeodiinouanenne gcanpANgoEOoNhoORPRLRGaan @b
1280 S P P v

oo

100

0N NOULONORARRORAU HNEAAUDBANDVOAPQANBNNONOD0BRRRARD
-

i b b
1 T L

—
oo ey

Fig.B.2. Curves showing the displacement, welocity and acceleration
response of a force-excited single degree-of-freeddom system, Note
that the curves for velocity and acceleration response can be found
simply by adding respectively 6 and 12 dB/octawe to the displacs-
ment tesponse

- D
*) For thae special case [H {T)] = F; Soe alwo Fig.7.2 of the text,
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Appendix C

On the Wave-Shape Distortion in Non-Linear Mechanical Systems

While a linear resonance system may act as a signal "wave filter”
suppressing possible harmeoenic distortion @ non-finear resonsnce system
actually produces waveform distortion. The degree of distartion depands on
the type of non-linearity and upan the excitation of tha system,

As a first example consider a non-linear, single degree-of-freedom system
of the hardening spring type, Fig.C.1 (see also Chapter 3, section 3.2).
Assume further that the foundation of the system moves sinusoidally at a
frequency close to the system resonance. The waveform of the displacement
of the mass may then look as shown in Fig.C.2a),

3
.
t
i
i
i
)
1
1
'
t
-

i

Fig.C. 1, Model of a single degree-of-freedom system contalning a non-linear
spring element

By diffarentiation of the displacement signal with respect to time one
finds that the corresponding velocity of the mass wili have o wave-shope as
indicated in Fig.C.2b), Finally, a second differentiation yields the accelera-
tion wave-shape shown in Fig.C.2c).

As a second example of non-linear resonance distortion, assume that the
system, FigC.1 is of the softening spring type, Under the same excitation
conditions as stated nbove the motion of the mass then produces wave-
shapes as shown in Fig.C.3, Although the wave-shape distortion is here not
nearly as heavy as in the hardening spring case it can be clearly noticed,

Wave-shope distortion will also be produced when the non-linearity is
situated in the damping element of the system, It seems, hawaver, that the
muost pronounced distortion effects are produced by the hardening spring
type resonant noninearities, This is Important to remember as the use of
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c) 260113

Fig.C.2. Typical resonant wave-shapes for the motion of the mass in a singie
degree-af-freedom system containing a hardening spring type stiff.
ness element
a) Displacement
b} Velocity
c/ Acceleration

Fig.C.3. Similar to Fig.C.2, the stiffness element in this case being of the
softening spring type
a) Displacement
h) Velocity
¢} Acceleration
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hardsning springs in practice is pot at all uncommon {Chapter 7, section
FALR

Before closing this brief discussion on wave-form distortions in mechani-
cal systems It should be mentioned that mon-linearities in one or more
elements In a multi degree-of-freedom system may cause many “‘un-
axpected” effects in the response. As an example of such effeets the
response of the second mass in a two degree-of-freedom system, Fig.C.4, to

sy [ 2 R t.
Spny T Permiing -
vy 2 HJ ey pluin
Tu i
]
Many "‘l'd‘,,;l ; —————— —“--z'n
| e
R i I

Hrae

Fig.C.4, Model of a two degrees-of-freedom system containing one nop-
finear stiffness efement of the hardening spring type

-
e ] N Yo Fhdnad el L o Ay

% w 100 L'E st

Fig.C.5. Frequency response curves for the motion of the second mass in
the system sketched in Fig.C.4. Curves are shown for different
levels of excitation of the foundation
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a sweeping sinusoida) excitation of the foundation is illustrated in Fig.C.5,
The sweep was here carried out with increasing frequency and both the
change in wave-shapa and the 'jump’ phenomenon, described in section
3.2, are demonstrated,

Appendix D

Connoction Botween the Fourler Spectrum of a Shock Pulse and the
Rosldual Shock Spectrum

To demonstrate the relationship between the Fourler spectrum of a
shock pulse and the undamped residual shock spectrum consider the

fol lowing,

Fig.D.1 shows an arhitrary acceleration shack amplitude as a function of
time.

’ A "
pram

Fig,D.1, Example of a shock excitation waveform illustrating the principle
of superposition in the time domain

Assuming a linear resonance system, its response to such a shock can be
colculated as the superposition of the rasponses to a number of step fune-
tions approximating the shock pulse,

The changa in excitation velocity per step is
Av = a(niAT

where a {7} is the value of the acceleration excitation at time 7 and A7 is the
width of the step,
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The partial velocity respense at some time t after the step has occurred fs

Avg = hit—7)alrtdr

where h (t — 1} is the veloc/ty response to a unit velocity step. The total
respense at a tima t after tho shock has occurred is then

Vg = Thit—7nalrldr

Letting the width of the steps, A7, opproach zero, the sum turns inte an
integral

g =/ hit=natndr
Now, the velocity response to a unit velacity step can be found by
solving the linear differential equation for the system under consideration
{single degree-of-freedom, undarmped system), utilizing the boundary
conditions given by the unit velocity step, The solution is simply:
hit—=rh=1-—cos[2@fit—7)]

thus:
vp = J} [t—cos{2mf(t=rh]alrldr

= f alr)dr - J’ cos [2af{t—1)]a{r)dr

4
vg = vit= [ alrlecos{2mtit~1l]dr
Letting t=*eo=(residual spectrum) then v (t) = Const. (see Fig,D,1} and
vg = - f’ a{r)cos[2nf{t—7}]drtConst.

This is also the expression for the Fourfer spectrum of the acceferation
shock pulse except for the phase {see Chapter 2, section 2.3), Thus

Max, vg = |F, {1}

For each frequency component in the response “spectrum’ the relation-
ship ag = 2 7 f vy is valid, whereby

s, (= 27 f(F, (f}]
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Appendix E

Elgctronic Integration of Acceleramotor Output Signals

It was stated in Chapter b, section 5,1 that it does not normally matter
which of the threa quantities acceleration, velocity or displacement s
actually measured in an experimental vibration study, because they are all
intarretsted by simple differentiating and integrating operations, It was
furthermore mentioned that these operations can be readily performed
electronically on the output signal from the transducer,

There ars, however, certain practical restrictions imposed upon these
statements,

Firstly, as will be obvious from the succeeding description of electronic
integration, this cannot include zero frequency (D,C}, and a certain jow
frequency does therefore always exist in practice below which no integras
tion takes place, Similarly, electronic differentiators must exhibit a certain

upper frequency limit,

Secondly, electronic differentiators are very sensitive to high frequency
noise, and to the high frequency performance of the transducer used for the
actual measurement,

DOue to the preference given to-day to acceleration sensitive transcucers
only the problem of electronic /ntegration s considered in detail in the

following.

If an arbitrary Fourier component, a= Auel“", of an acceleration signal
spectrum s integrated the result will be the corresponding Fourler eom-
ponent of the corresponding velocity signal spectrum:

A
v = fadtanDei“"dhmﬂ-ei“‘=Voelw'
Thus:

Similarly, a second integration of the acceleration signal component
yieids the displacement signal component:

A
X = ffadtdt=fvdt=fvael“"dt=T\£°J—al“‘=-—-a%'e|“"=xu glwt
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Thus;

Vo _ A
= =
Xo == 2 (2)

Now, if the output signal from an accelerometer {or rather aceelerometer
+ preamplifier}, e,, is fed 10 an electronic circuit of the type shown in
Fig.E. 1, the voltage across the capacitor C, i.e. the circuit output voltage, e,
is:
b = ————0
¢ 1+jwRC "
Thus when o RC 2> 1 then

. 1 s
By = H—c' XT:J_ (31
By comparing the expressions (1) and (3} it is readily seen that whene,
represents a perticular acceleration signal component then e, must represent
the corresponding velacity signal component, i.e, an electronic integration
has taken place in the network, Fig.E.1, (The multiplying factor 1/RC is
taken caro of in the internal calibration of the integrator},

arraor

Fig.E. 1. Typical vlectrical integration network of the simple RC-type

The absolute value of the axpression

T P

g, 1+jwRC
is plotted in Fig.E.2 and demonstrates clearly the meaning of the condition
w RC 2> 1 stated above, |t also illustrates the fact that a certain low frequen-
cy limit, f_ exists below which no integration takes place, Between | and
fr, Le. in the frequency region around f, = 1/2 % RC, the signal is only
"partly" integrated.

The low frequency limit for “true” integration, fr, is in the integratars
produced by Briiel & Kjer taken to be the frequency at which an integra-
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Fig.E.2, Graphical illustration of the function |§al = |
a

f
i
|
|
I ou
t, ”"ﬂ.m
1
T+iwh,
the frequency region where trug integration of the input signal, e,,
takes placa

| indicating

tion error of 1,6 dB (= 16%) exists. To ensure trua Integration of the signal
it must therefore not contaln frequencies below f4.

If frequency compenents lower than fr exist in the signal to be inte.
grated the problem can sometimes be solved by the use of magnotic tape
recording and tape speed transformations, see atso Chapter 5, section 5.2,

Appendix F

Lowest Measurable Vibration Levels

The lowest vibration signal level that can be usefully detected by a
particular measurement system Is determined by randomly varying voltages
and currents existing In the circuits of the preamplifier. Here the major
source of noise is normally the amplifying element, le. the transistor {or
tube) in the first stage, However, in the measurement of low level signals
picked up by accelerometers, additional noise may be introduced, aither due
to piek-up from nearby electrical or magnetic fields, or by internal noise
generation due to cable motion, The primary cause of generated cable noise
Is the “triboelectric effect” which is, however, minimized by a special treat-
ment of the coaxial cables,
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LOWEST MEASURABLE VIBRATION LEVELS {WORST CASE)
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INTEGRATION WAS CAHRIED OUT UEFODHE THE AMPLIFIER.
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The lowsst measurable vibration levels have been determined experimen-
tally at Britel & Kjir for a number of measuremant configurations and the
results are tabulated ahove. It should be noted that the figures given re-
present the “worst cases” and are § dB above the "noise floor' {IEC Ree-
ommandation 179},

Further details as to the measured spectra are given in "K, Zaveri:
Measurements of Lowest Vibration Levels, Briel & Kimr Techn. Rev, 1—
1970, p. 31 — 38",

Appendix G

Frequency Analysis of Shock Pulses

In Chapter 2, section 2,3 the frequency (Fourier) spectra of various
shock pulses were illustrated, These spectra were obtained theoretically by
applying the Fourier transform

Fifl = [ flthemiwtdr

to the shock pulse time function, Now, how could such spectra be measured
experimentally?

To obtain an answer to this question let the pulse considered be applied
to a very norrow band filter centered at the frequency fy, Fig.G.1. If the
filter is "ideal® it will only transmit frequency components inside the filter
pass-band, AT, as indicated in the figure, (Here the Foutier Spectrum of a
rectangular pulse Is used as examplel.

It is claar that what is measured at the autput of the filter must be
directly related to that part of the pulse frequency spectrum which is inside
Af, i.e. it must be a mensure of the pulse Fourier transform (spectrum)
value at the frequency f,, To obtain the appropriate analytical relationship
betwoen the filter output signal and the Fourier spectrum value use can be
made of the inverse Fourier transform:

f() = ] Fif) elot gf

For the case of a rectapgular pulse and an “ideal” very narrow band filter
the following expression is then abtained for the filter output signal:
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s
Fig.G. 1, llustration of narrow band filtering of the Fourier spectrum
produced by a rectangular pulse

. sin (7§, T} sin [lmAfit—)]
F{t) = 2AT T Af T BT =T cos{2nf, 1)
whera
A = Height of the rectangular puise
T = Impulse duration
fo, = Center frequency of the narraw filter
Af = Filter bandwidth
t = Transmission time of the filter {depends on the filter phase-
shift).

This expression Is ptotted graphically in Flg.G.2,

From the figure it can be seen that as long as the filter center frequency,
f,, remains unchanged the output signal consists of a rapidly varying
*“carrier signal” (cos 2 nf,t} enveloped by the function;
sin (w4, T) Af sin [{m Af (t—1t.})

mf, T EENITEEN]

The maximum of this function accurs when t=1_ and is:

2AT =

sin (7 Ty T) A

F (thax =2 AT =22
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Fig.G.2. Response of an "ideal’” narow band filter to a rectangular pulse

As the analytical expression for the Fourler transform ({spectrum} value
of a rectangular pulse at the frequency is:

sin {m §, T}

Fifgl = AT S

than
Fthnax= 2 F {f} Af

Thus by measuring tha maximum (peak) value of tha filter output signal
{Fithy ! this Is related to the thearetical Fourier spectrum by the simple
relationship:

F {f} =._F[_ﬂm.u.

2Af
It is therefora a simple matter to obtain an estimate of the Fourier
spectrum by measuring the peak valua of the output signal from a set of
vary narrow band filters, centered at closely spaced frequencies (or use may
be made of repetitive application of the pulse to a continuously tunable
filter},
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Hawever, not only peak measuring devices can be used to relate the
output signal from the filter, Flg.G,2, to the Fourier spectrum, Also average
absolute and AMS detection circuits can be utilized provided that their
averaging (integration) time and crest-factor capabilities fulfill certain
reguirements:

Firstly, their averaging (integration) time, T,, must be longer than the
response time of tha filter, i.e, T, >2/Af, seo olso Fig.G.2. This is
necessary to ensure full integration of the filter response,

Secondly, the averaging time must not be foo lang, atherwise limitations
in the crest-factor capabllity of the detectar clrcuit will distort the measured
result, as the crest-factor may ba defined as JT,/TR, where T is the
response time of the filter,

For normal practical detector clrcuits a requirement of the order of
T, &1 =3-10
would constitute a roasonable compromise,

The problem of relating the measured value to the Fourier spectrum is,
howaever, somewhat more complicated in the case of average absolute and
RMS measurements than In the use of peak measurements,

A further method of obtaining an estimate of the Fourier spectrum of
the pulse is to square and integrate the output from the filter, i.e.:

Epy = .? F2 1} ot

By some mathematical computation it can be shown that this integral,
for the case of the rectangular pulse, is:
g parsinimf, T o
E,f = 2A°T [_-—ﬂfDT 2 Af
Thatis

Ear = f F2{0 du=2[F (7 Af
Now, what happens if the filter is no longer a very narrow band filter?
Such a case is illustrated in Fig.G.3, and the corrasponding filter input and
output signals are sketched in Fig,G.4. It is seen that instead of one {oscillat-
Ing} response transient the filter output signal here consists of two oscillat-
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ing transients, One of these transients is caused by the response of the filter
to the “start” of the original {input) pulse and the other is due to its sudden
ceasation, In other words: the filter raspands no langer to a pulse, but more
or lass to twa step functions, the distance between the two steps being equal
to the original pulse duration. It is afso readily seen from Fig.G.3 that the
detalled shape of the analytical Fourier spectrum cannot be obtainad from
measurements with such wide band filters, On the other hand, the squared
and Integrated output from the filter still gives an Indication of the
“energy’’ spectrum value in that:

oo la +%f-
Epp = F2 (t)dt = 2 [F (1))2 o
- fo—%-t

The exact shape of the measured "energy’’ spectrum will, however, in
this ease depand upon the absolute bandwidths used in the measurements,

Appendix H

CONVERSION CHARTS, TABLES etc,

Convorsion of Length

m cm mm ft in

1 100 1000 3.281 39,37
0.01 1 i0 0.0328 0,3937
0.001 0.1 1 0.00328 0.03937
0.3048 30.48 304.,8 1 12
0,0254 2,54 254 0.0833 1
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Conversion of Velocity

m/fs km/h ft/m mph
1 3.8 196.85 2,2369
0.2778 1 54,68 0.6214
5.08-10-3 1.829:10-2 1 1,136 1 10~2
0.4470 1.6003 88 1
Convorsion of Acccleration
9 misec? | cm/sec? | ftfsec? | infsec?
1 9.81 a1 32.2 386
0,102 1 100 3.281 39,37
0.00102 | 0.1 1 0.0328 0.3937
0.03109 | 0.3048 3048 1 12
0.00259 | 0.0254 2,64 0,0833 1
Conversion of Arca
m? em? sq ft sq in sqf yd
1 108 10,764 1650 1.196
16-4 1 1.0764 « 10~3 0.1550 | o0.00m
9,29+ 10~1 929 1 144 o.1Mm
64521074 6,452 6.84410-3 1 0.0008
0.8361 8361 g 1296 1
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Conversion of Voluma

m3 j=dm? | cuft gal (brit) | gal {USA) | cu yd
1 109 35,315 219,98 | 264.28 1,308
10-2 1 0.035316 | 021008 | 0.26428 | 0.0013
28317.10-2 | 28317 | 1 62290 | 7.4805 | 0.037D
4,546-10"% | 4545 0.1605 1 12011 | 0,005%
3.785-10-3 | a.785 0.13368 08326 [ 0.0050
0.7646 764,56 | 27 160.16 | 201.87 |1
Convarsion of Waelght (Maoas)
kg tekma gram Ibs oz
1 0.102 1000 22046 35.274
9,807 1 paRO7 21.6205 345,93
10-3 1,02 10-4 1 2,205 +10-3 | a3.627-1072
0.45359 4625102 | 45359 | 1 16
2835-10~2 | 2.8908.10-3 | 28.35 6,25 10-2 1
Conversion of Specific Weight {Moss)
ka/m3 IbfEt3
1 6,243 -1072
16,0186 1
Conversian of Force
N kp b fr/s?
1 0,102 7.2320
9,807 1 7.0
01379 | 14051072 | 1
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Converslon of Prassure

N/me mbar mmH, 0 [mm in WG psi

1 10-? 0,102 0,869 - 10-%| 4,02+ 10~3 [ 14504+ 10-9
100 1 10,917 2860 - 10-4 | 0.402 1,4504 - 10-2
9.807 a.807-10-% | 1 8678 10-#13,037 - 10-2| 14223+ 103
1.013- 108 | 1093 1,.033210% |1 408,77 14,696
24910 2,491 26.4 245310771 3,606 - 10-2
6908.5 69,089 704.49 6,805 - 10~% 127,736 L

Convorsion of Work, Enorgy and Heat

J= s kWh kpm keal Bru ftib

1 2778-10-7 | 0.1020 239.1074 0.48+ 1074 0.736
g |1 3.6710- 10°% | 860 3413 2.G55 - 108
9.807 2724141076 | 1 234231073 | 62940 - 103 | 2.233
1187 1,163 104 427 1 3.9685 30874
1.056 293107 107,59 0.25108 1 777.97
13768 | 37668107 | 01383 3.238-10-% | 1.285.10-9 | 1

Convarsion of Power

kw kpm/s hk keal/h| ftib/s | hp

1 102 1.36 gn | 738 | 1.34

9.81 1073 [ 1 1.33-10-2 | 844 | 723 | 1.32-10-2
0,735 75 1 632 | 542 | 0,985
1,16+ 103 | 0.119 1.58- 1073 | 1 0.858 | 1.56- 103
1.26 0.138 1.84-10-7 | 117 | 1 1.82.10-3
0.745 76 1.014 642 | 550 |1t
293104 | 2.99-10"? | 3.99- 10~ | 0,252 | 0216 | 3.93- 10~
3.52 35,9 0.479 3024 [ 259 | 0471

292




Tempeoraturo:

F = ﬂc+32

5

Singte Dagree of Freedom System

M
Suf

~
hoa

£
1

rmass {kg)

fness {Newt/m)

_5
C—g[F 32)

\ %= 2 m % resonant frequency

Wy = —Aﬂ;wheru A, = static deflection of the mass,

For Slngle Frequency (Sinusoldal) Vibratlon

Acceleration Valogity Displacement
1 1

ncosot Easinwt — o2 Acoiwt

—wvsinwt veoswt %vslnwt

—widcoswt| —wdsinwt | deeswt
RMS Values

A Alw Ales?

wV v Viw

w?D wD D
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Appendix |

On the Use of Decibals

Maodern day engineering requires that accurate measurements are made
over wide dynamie rangos,

When the dynamic range considered covers more than one or two
decades the graphical presentation of the measured results to linear scales
often becomes Impractical. The major reason for this is that the accuracy of
the graph near the zero axis becomes extremely difficult to interprete. A
commonly used solution to the problem |s then to present the datain terms
of logarithmic scales. One such logarithmic scale which is hecomming
Increasingly popular in vorious fields of engineering Is the decibet (dB) scale,
Although the decibel scale originates from transmission line theory and
telephane engineering it is at present widely used not only in the general
fleld of electronic engineering but also in the fields of sound and vibration
engineering,

The original definition of the decibal is based on power ratios:
W
dB = 101ag, 4 {W:l

where W, Is a reference powar, However, as the power measured across a
certain impedance is related to the squara of the force acting upon this
Impedance, Z, a more commonly used definition is

dB =18| thlZ y=201 (F }
=10 o — .} =201l0 L
ho 'z %0 'F,
where F and F, are the RMS {root mean square) values of the forces,

Actually, as fong 8s the measurements are related 10 one and the same
impedance the decibel-notation in the form 20 log, p (X/X ) may be used as
a canveninet relative magnitude scale for a variely of quantities, not only
foreos. X may, for instance, be an RMS displacement, a velocity or an
acceleration. X, howsver, must always be a reference guantity of the same
type as X, That is when X represonts a displacement then X, represents a
reference displacement, and when X represents an acceleration then X,
represents & reference aceeleration,

A useful application of the decibel scafe is evidant in the frequency
analysis of mechanical vibrations whare large changes in amplitudes oceur at
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resonance, The use of decibels (dB) compresses a range of displacement or
acceleration mapnitudes of 1:1000 to 0— B0dB, at the same time
attaining eonstant relative accuracy in the graphical presentation, A further
consequence that arises from the decibel seale is that multiplicative factors
become additive terms in their logarithmic equivalants.

Also, whan the ratio X/X; is smaller than 1.0 the logarithm to the base
ten of the ratio, and thus the decibel value, becomes negative, In the table
given below only ratios X/X, larger than one have been considered, The
same table can, however, also he used in cases where X/X,, is smaller than

: X 1 X
one remembering that 20 log, g (-i-;) = 20layy g (m) = =201log;q t—xﬂ)
l.e. by finding the decibel value for the inverse ratio tﬁxﬁ) and assigning to it

a nagative value,

Example
X .
-—R-; =05
As% is smaller than ona [t is necessary to calculate the inverse ratio:
(=]
Ko 1 Ly
X 05

From the table the corresponding decibel value is found to be 6,021 dB,
and becouse of the inverting operation the actual decibel value is —6.021,

To find X/X, when tha decibel valuz Is given, the nearest dB-value is
sought in the table and the corresponding ratio read off the left hand and

top calumns,

Examplos

a} Find the ratio corresponding to 3.5 d8,
From the table it is seen that the nearsst dB.value tabulated is 3,522,
corresponding to a ratio of 1,5,

b} Find the ratio corresponding to —3 dB,
The nearest dB-value given in the table is 2.984 corrasponding to a ratio
of 1,41, However, as the dB-value stated above has a negative sign it is
necessary to invert the ratio 1.41, l.e. =3 dB corrasponds to a ratio of

1
A" 0.706.
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Table of Ratio-to-Decibel Convorsion

R |
!
. ;
(;j w0 | e | e B O R
—_ RN AN pRR O RN PNV
1.0 000 | 008 [ 72| 257 | a4 A24 | g06 | 503 | 603
1.1 820 D84 | 1002 | 1938 124 | 1 1069 | 1.438
12 1 1.584 { 1.658 | 1727 | 1708 | 1.eed 200t | 2018 | w1y
13 | 2279 | 2045 | 241t | 2417 | 2542 B0 611 | 2734 | 270
14 | 2023 | 2084 | 3048 | 3007 | 3187 | 3227 | J287 | 3346 | 3405
15 | 282 2637 | 2.604 | 2750 |. 2807 | 2862 | -ama | 297
1.6 | aoaz | 4737 00 | 4244 | 4207 | 4350 | 4402 4.606
1.7 | 4600 | A660 | 4711 | 4769 | 461t | 4881 | 40 [ £950 | 5.008
18 | 5105 | 6154 | | 5243 | 5, 5343 | B3%0 | 5477 | 548
19 | 8575 | 6621 | 5668 | G711V | 5758 | 5501 | 6845 889 | 5.03
20 | o021 | @004 | oi07 | Ads0 ) 6103 | e23s | e | 6318 | 030
21 | 8444 | G468 | 6527 | 6560 | 6.600 | 6643 | 6600 | 6720 | 6780
22 | 0048 | 0620 | 6927 | 6060 | 7006 | 7044 | 7082 | 7431 | 750
23 | 7205 | 7ar2 | 2010 | 734 | 7084 | 7a2e | 750 | 7.8 | 7532
24 7.64 72| Ly40 | 7783 | T.019 | 7.8 7.500
25 | 7.869 | 7.993 | noe8 | mos2 | B09Y | @93 | B985 | mg00 | 2%
26 | 8.299 | D333 | 8064 | B8.093 | 8432 485 sa | 8530 | B.563
27 | B.627 | 6650 | D691 | 8723 | B78S | 78y | @6 | 2B50 | @.BBI
2.8 B.542 0.074 0.038 D.068 8.097 0,127 9,158 9.188
20 ' 0248 | 0278 | 0368 ! 9337 | 0.367 | 9396 | 0426 | 9.455 | 0.484
30 | 0.542 { D571 | 00 | w628 | 0,00 oMe | oTe | oM
31 | 0827 | 0.856 | 0.8 | 0011 | 9.019 0004 | 10.020 | 10,043
32 ;10103 | 10.130 {50357 | 10184 | 10,211 | 10,238 10201 | 10317
33 . 30970 | 10.997 | 10423 | 10,449 | 10476 | 10501 | 10,527 | 10,563 | 10,578
34 | 10.630 | 10655 | 10.081 | 100706 | 10.731 | 10756 | 10782 | 10807 | 10832
35 ' 10.081 | 10,906 | 10,031 ° 10.955 | $0.990° | ¥1.005 { 11.629 [ 11.053 | 1078
38, 11926 | 16150 1 10974 | W08 [ 11222 | 11,248 | 11278 | 11,293 | 11917
37 1 1L364 1 11067 | 11,411 | 11,434 | 11457 | 11481 11.527 | 13,550
1.0 | 11596 | 11698 | 10649 | 11,664 | 10087 [ 1e700 | 19732 | 10754 | oy
39 | 11.821 | 11,649 | 10,568 | 11,880 | 1010 | 11.932 | 11054 | 19,076 | 11,008
40 [ 12.041 | 92083 | 12,008 | 12,406 [ 12920 | 92048 | 12470 | 12492 | 1221
41 | 12,258 | 12.277 | 12.200 | 12219 | 12.040 | 42,361 | 12382 | 120403 { (2424
42 | 12465 | 12466 | 12508 | 12.607 | 12.547 | 12568 | 120588 | 12.609 | 12.0%9
43 | 12669 | 12.600 | 12,090 | 12,730 [ 12750 | 12770 | 12700 | 12:010 | 12039
44 | 12860 | 12.600 | 12.008 | 12.028 [ 1Z043 | 12,087 | 12pe7 | +al008 | 13026
A6 | 10.004 | 13,084 | 13.03 | 13,922 [ 12941 | 13980 | 12,479 | 42480 | 13.217
48 [13.355 | 13.274 [ 13.200 | 13,332 | 10330 | 13.340 | 13.360 [ 12,386 [ 12.405
47 {13442 | 10460 | 13470 | 13497 | 10.518 | 12534 | 13552 | 18570 | 13589
48 | 13625 | 12643 | 19681 | 13870 | 10.697 | 13715 | 1373 [ 1276 . 13768
45 | 12804 | 12,622 | 12829 | 93057 | 13075 | 12002 [ 13610 | 13927 | 130
50 | 13,870 | 13,097 | 14014 | 14,031 | 14.040 | 14.006 | 14,083 | 14000 | 1,917
53 | 14951 | 14168 | 14,165 | 14,202 | 14.219 | 14.236 | 14283 | 14270 | 14,287
52 | 14320 i 14.337 | 14653 | 14,370 | 14.387 | 147403 | 14,420 | v4.438 | 14,453
51 114485 | 14.502 f 14.618 | 14.535 | 14551 | 14.567 | 14.503 | 14.599 | 14.016
54 | 14.648 | 14.664 | 34.660 | (4,698 | 14712 | 14.728 | 14744 | 14760 ' 14,776
55 | 14,807 | 14.823 | 14839 | 14.855 | 14.870 | ra.poe | 14.002 | 14017 . 1493
568 [ 14084 | 14079 | 14895 | {S.010 | 15028 | 15.041 | 15050 | 15072 | 15.087
57 [ 15117 | 15133 | 15,048 | 15163 [ 15178 | 15.103 | 15.208 | 35224 | 15239
5B | 15260 | 15284 | 15208 | 953t3 | 15028 | 15043 | 15.388 | 15.373 | 15308
58 | 15417 | 35402 | 15446 | 15481 | 15,478 | 15.400 | 15.505 | 15.518 | 16,534
80 | 19.563 | 19577 | 15602 | 15.606 - 15.021 | 15.605 | 15,543 | 15,004 | 15,678
6.1 35.707 | 1522t | 15.725 i 15,749 1 15,783 16778 | 15.792 & 15,806 | 15.820
62 | 15848 115862 | 1567 | 15890 . 15004 | 15.818 | 15831 | 15.045 | 15850
63 | 15087 | 16.001 | 16014 | 16.026 | 16.042 | 16055 | 16.C69 | 16.003 | 16.098
84 [ 10,124 | 18137 | 10.450 | 18,164 | 10,178 | 16987 | 16.205 | 18.218 | 16.232
1 i

|
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[continued)

1

HAaito J J

( x ) .00 .o 02 K] 4 {05 06 | o7 ] 09
" i ’

(PSSP SRS NN I P NN, B U
6.5 | 10250 | 10.272 | ve.p85 | 16.200 | 18312 | 10.325 | 10,938 | 18.35¢ | 10.365 I 10.370
6.6 | 18391 | 6.4 0417 1 16,420 | $0.443 | 10.458 | 10.46% | 16,483 | 16.456 | 10.500
87 | 18521 | 1850 | 18847 | 16.560 | 18.573 | 16.588 | r0.509 | 16612 @ 15625 | 18.037
Q8 | 380 1060 | 1667 | 16688 | 16701 | 16734 | 720 | 15730 | 18752 4 16.784
80 | 18777 | 15.700 [ 18.602 | 16.675 | 627 [ 16.840 ; 16.852 | 18.865 | 10.877 | 16.690
7.0 | 15002 | 16.914 | 18027 | 18039 | 18051 | 16.964 | 98078 | 14848 | 17000 | 97013
71 [ 17.025 | 17,037 | 17.050 [ 17.062 | 17.074 | 17.008 | 17.003 | 17, 7,122 | 17,135
72 [ 17047 [ 12080 [ 12471 | 17463 | 12185 | 12,207 | 17.210 | 17.201 § 7243 | 17.245
2.3 17260 { 12.270 | 17.200 | 17,302 [ 17314 | 17,026 | 17,230 | 17.000 | 17.301 | 17.970
2.4 [ 17365 | 17,996 | 17.408 | 97420 | 174310 | 17,440 | 17,455 | 17,460 | 17.478 | 17.490
7.5 [ 17501 0 17.513 | 17.524 | 17838 | 1257 | 17.850 | 17.670  17.602 | 17.501 | 17.60%
76 | 17618 | 17.626 | 17.639 17.662 | 17.673 [ 17.605 | 97.606 | 17.707 ; 17.71D
7T w4y | nas2 84 | 17775 | 17.786 | 17.707 | 17.604 | 17.820 | 17.01
7.2 | 47842 | 17,853 | 19684 | 17,875 | 19.608 | 17.697 | 17.008 | 17910 | 17.001 | 17.042
6] 1765 17084 | 17975 [ 1 12038 | 18.007 | 18.0%0 | 10.025 | 18.040 | 12.000
80 | 1008 | 10.073 | 18,003 | t0.094 | 1s105 | 1018 | wmnar | tmasy | 148 | 10050
0.1 1870 | 18180 | 1E.100 | 10.202 {12.212 | 18223 | 18.234 | 18244 | 18255 | 10.268
8.2 | 18278 | 187287 | 18.287 | 19308 | 4a.010 | 18320 | 18340 | 18350 | 1e9d1 | 1837
B.4 { 18.382 | 10.302 ; 10.402 | 10.413 | 18420 | 18434 §18.444 | 16466 | 18405 | 10,475
8.4 | 10488 | te.d0s | 18.506 | 18.517 ! 1esa7 | 10.507 | 16547 | 18,550 | 10508 | 18.570
B.5 | 14,638 . 18,520 | 18.509 | 14610 | 12, 10630 | 16840 | 18.650 § 18670 T 18,680
8.6 | 14600 ! 18700 | 18,710 | 18720 . 18730 | 18740 | 14.750 | 18.760 | W.770 | 1B.760
8,7 | 18700 | 18,800 | 18,810 | 12.820 ' 10830 | 14,840 | 19.850 | 18.B60 | 10.870 | 1A.BO0
8.5 | 18,690 | 15800 | 10.009 | 12.812 | 14020 | 18,939 { 18.040 ; 18.056 | 19.063 | t0.078
8.0 | 12085 | 10098 | 10:007 | 19.017 | 12027 | 18,038 | 15.040 } 19.050 | 15.068 | 15.075
0.0 | 19.085 | 15.004 | 10,404 | 10014 | 10023 | 19,133 | 10.143 J 10,152 | 19,162 | 10171
o1 ! paan | (a0 0,200 | 12.209 [ 30290 | 10.028 | 19.238 ' 19.247 | 19.257 | (D.268
0.2 | 10276 | 19,285 | 19,205 | 19.304 | 19313 [ 10,323 | 10322 | 10.342 | 19.351 | 19,060
9.3 | 18370 | 19.379 | 19.358 [ 10.008 [ 15.407 | 10.498 | 19,424 | 191425 | 19.444 | 19.453
8.4 ) 10463 ) 10472 | 10,461 | 12.400 | 10430 | 13509 | 10,518 | 19,527 | 18,530 | 10,645
8.5 | 10.55 | 10564 | 10.573 | 10562 | 10591 | 10.600 | 10.60% | 1069 | 10627 | 15628
BE | 10645 | 18.854 | 19.664 | 10.610 [ 19.602 | 19691 | 18700 ¢ 19709 | 10118 | 19.726
0,7 110705 | 1hred | 19783 140762 | 10010 | 19700 7B | 10708 { 1980 | 19.8i0
9.8 | 10825 | 10, 10,642 | 18,651 | 19060 [ 10.600 | 10.0v8 | th.00A | 10.895 | 10.004
9.9 | 16010 | 19.021 | 195930 | 19930 {1804 | 10950 | 10.005 | 10.974 [ 10.083 | 19.60)

b
| !
2 1 L s 0 7 8 ]
| ? |

SO NG SRR DR e e e B
10 | 20000 | 20828 | 29,504 | 22270 22023 | 20522 24002 | 24.600 | 25,05 | 25.575
20 [ 20021 | 26444 | 20848 { 27235 | 27.009 | 27.959 | 20200 | 28627 | 28893 | 207248
a0 542 | 20627 1 30103 | 20.470 | d0.630 | do.mei | 31928 | 91364 | 31596 | 11.821
4@ 32041 | 02250 | 32465 | 02.600 - 32869 | m.004 | 32255 | 2342 | 33825 | ;3804
50 1 33.070 | 34351 | 34370 | 34.495 | 04,648 | 24807 | 34054 | 35117 | 25.260 | 35417
G0 | 35083 | 35707 | 35848 | 35007 | 38174 | 05250 | 36.09) | 0521 | 30650 ) 33777
70 | 30,002 | 37,035 § 37,147 | 37.260 | 37,085 | 37.501 | 37.610 { 37730 | 37.842 | 37.053
80 | 30,002 | 3870 | 38.270 | 38382 | 040488 | 2mSBH | 36:890 (30750 | 38090 | 380088
00 [ 30085 [ 39151 (39.270 | 09,370 | 30463 | 20554 | 39645 | 39705 ' 22625 1 30.913
106 ] - - - - - ’ - - - -

40,000
I
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Appendix J

Standards Related to Vibration and Shock Measurements

Country | ldentification | Contontsof Standard Issuing
of Standard Institution
C.S5.5.R. | C5N011390 Mathods of Measurements | Office for
of mechanical vibrations, Standards
CSN 011331 | Mechanical vibration and
measuring equipment. Measurements,
Gerieral terminalogy. Vaclavské
- — Namesti 19,
CSN 01 1401 Balancing of rotating Praha 1-Novi
machine slements, Mesta.
Terminology,
CSN 011410 Permitted |imits for
unbalanced salid machine
glements,
CSN 02 8902 Characteristic data for
design of elastic
hearing elements,
CSN 123062 Measurement of noise and
vibration from ventilatars,

France E 90-200 Graph for plotting the L'Assaclation
characteristics of vibration | Frangaise de
generator systems. Normalisation

E90.210 Characteristics of electro- 19, rua du
dynamic vibration 4. S.eplfmbre,
generator systams. Faris 2°,

E 90-211% Characteristics of electro-
dynamic vibration
generators,

E90-213 Characteristics of power

amplifiers for use with
electrodynamic vibration
generalors,
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Country

Identification
of Standard

Cantents of Stondard

Issuing
Institution

Germany
{D.B.R.)

DIN 1311

Schwingungslehre, BI. 1
Kinematische Begriffe,

DIN 456661

Schwingungsmessgeriite,
Begriffe, Kenngréssen,
Stdrgréssen.

DIN 45662

Eigenschaften von
Schwinguhgsmessgeriten,
Angaben in Typenblittern,

DIN 45664

Ankopplung von Schwin.

gungsmessgeriten und Uber-

priifung auf Storgrdssen,

DIN 45666

Schwingstirke von rotieren-

den alektrischen Maschinen
der Baugrossen 80 bis 315,
Messverfahren und Grenz-
werte,

DIN 45666

Schwingstiirkemessgeriit,
Anforderungen,

DIN 45667

Klassierverfahren fiir das
Erfassen regelloser
Schwingungen,

DIN 45668
{Entwurf)

Ankopplung fiir Schwin-
gungsaufnehmer zur
Uberwachung von
Grossmaschinen,

DIN 40046

Klimatische und mechani.
sche Priifungen fiir elekiri-
sche Bauelemente und
Geritte der Nachrichten-
technik.,

Bl, 7; Prisfung, o; Stossen,
8I. 8: Priifung, f: Schiitteln,

DING0100

Dauerschwingversuche,
Begriffe Zeichen, Durch-
filhrung, Auswertung.

Beuth-
Vartrich
GmbH.
Berlin W 156
und Kéln,
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Country [ ldentification Contants of Standard Issuing
of Standard Institution
DIN 61228 Dauerschwingprifrmaschinen,
Bepriffe, allgemelne
Farderungan,
DIN 62214 Bauakustische Priifungen.
Bastimmung der dyna-
mischen Steifigkelt van
Dammsehichten fir
schwimmeonde Béden,
VDI 2056 Beurteifungsmasstiibe fir
machanlsche Schwingunien
von Maschinen.
VDI 2067 Beurteilung der Einwirkung
mechanischen Schwingungen
auf den Menschen,
Germaony | TGLO ~ 1311 | Schwingungslehre., Amt fiir
{D.D.R.) 1. Benennungen, Standardisia-
2. Einfache Schwinger. rung der
3. Schwinqungssysteme mit |D.D.R.
ondlich vielen Freiheits-  )Mohrensstr,
graten, 374,
TGL 22747 Gerato und Einrichiungen | 108 Berlin,
zur Mossung nichtelok-
trischer Grossen,
Schwingungsmessgerite,
Groat BS 2011 Methods for the environ- British
Brituln mantal tosting of alectronic  |Standards
components and electronic  {Institution,
equipment, 2 Park Streat,
Part 2 Ea: Shoek, London W.1.
Part 2 Eb: Bump,
Part 2 F: Vibratian,
BS 3015 Glossary of terms used In

vibration and shack
testing,

30



Country | ldentification Cantents of Standard Issuing
of Standard Institution
BS 4675 A basis for comparative
evaluation of vibration
In machinery,
Japan JISC0911 Vibration Testing proce- Japanese
{1980} dures for electric machines | Institute of
and equipment, Standards,
JIs co912 Shock testing procedures Hitotsugl-cho,
(1960} for electric machines and | Akasaka,
equipment, i\l_q“;at:'k“'
4] N
JI1S 1601 Vibratile testing metheds Y
{19549) for automohily accessories,
JIS W 6053 Shock testing methods for
{1955) aeronautical instruments,
Roumania [ STAS 7536-66 | Measurement of vibration | Oficiul de
(1966} | from electrical rotating stat pentru
machines, Standarde.
STAS 8048-87 | Measurement of dynamic Str, Edgar
(1967} | stiffness of vibration Quinet 6,
absorbing materials in Bucarest 1.
bullding acousties,
u,5,A. 52,1-1961 Design, construction and United Statos
operation of variabla- of America
duration, medium-impact, | Standards
shock testing machine for | Institute,
light-weight equipment, 10 East 40th
§2.2.1958 Methads for tha calibration | Street,

of shock and vibration New York,

pickups. N.Y. 10016.
52.4-1960 Method of specifying the

characteristics of

auxillary equipment for

shock and vibration

measuraments,
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Country | ldentification Contents of Standard Issuing
of Standard Institution
§2.5-1982 Recommendations for
specifying the performance
of vibrating machines,
52.6-1963 Nomenclature and symbols
for specifying the mechan-
ical impedanca of
structures,
52.7-1964 Terminology for balancing
rotating machinery,
Z 24,.21-1957 Methods for specifying the
characteristics of piek-ups
for shock and vibration
measurements,
U.5.5.R. | GOST Mechanical vibration. Komitet
13731-68 Ganeral requiroments for Standartov,
measurement perfarmances. |Leninsky
Prospekt b,
Maskya M-48,
Intar- |EC 68-2 Basic Environmental testing {International
national Procedurss, Organization
68-2.6: Test F: Vibration | for Standard-
{Sinusoldal) izatlon,
Draft: Test Fy: Random 1. Rene da
Vibration (wide band], Varambé,
68-2-27: Test €,: Shock. Ganava,
68-2-29: Test Ej,: Bump. Switzerland.
IEC 184 Methods for specifying the
characteristies of electro-
mechanical transducers for
shock and vibration
measurements.
1EC 222 Methods for specifying the

characteristics of auxillary
equipment for shock and
vibration measuremants.

ao3




Country | ldentlfication | Contents of Standard Issuing
of Stondard Institution
Draft ISO Balancing terminalogy.

No. 1925

Draft 150 Balance quality of rotating

No, 1940 rigid bodies.

Draft iSO Vibration and shock-isala-

No, 2017 tors — specifying character-
istics. {Guida for selecting
and applying resilient
devices},

Draft 150 Vibration and shock-

No, 2041 terminology.
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absorber tuning  ...... ereinenan e der e, P 171
acceleration-time integral ... o0 ii i Cevaaar ey crears 128
accelerometer ..... errdetie e YT deevaavaaseseaae 390
accalaromoter AdVANIAOES .. vvy v v vrr srrse oo rrenranns Veremsans 79
accelerometer characteristies .. ..... e et ey 82, 95,96
accelerometar MoUNtING .. vae v iesrrnsen Ceeereraaneas 118123
accelerometer sealant ... .. heneans IRETEITEY e 126

accelerometar sensitivity, charge . ... ... I+ |+ 3]
accelorometar sensitivity, environmental ., .......... R = [ 8 1]

accalerometer sensitivity, transverse ...vavevvaraan . , 92-94
accelerameter sensitivity, voltage . .,........ IR < R
accelerometer table ,......... 0000 b a s b 23

amplifier charge ..o v evirrivecrrvrnnnss e ee ey ... 58,89
amplifier veltage ..... e, Crre e caveeeeasss 98,08
amplifior table . .o i i et i b e sieens 101
analog-digltal converter ............ P | ¥4
BNAIYZEIS .o ei it it ear e vevrsenes 102
analyzers frequency .. ...veeesrvarencranas Chrree e e 84, 87, 104
analyzers Hetarodyne ... .veveer cvnornrnrnararsrnannnes .. 87,136
angular stiffness .......ouiiieenoan et ereaares iereeerese, 44
appoarent mass .......... et a e a it e veveres. 240
Actificlal Mestofd ... v ii i iaeinees e veveer. 238
autocorrelation function ... ..ueea i iniaararias ... 22=25, 46, 47
average vallue ......vevirirrnennes P |3 K
averaging time .. .uoi i rrrien e rrrir e, 108,109, 111

back-ground noise . .......0000 00 Ciberaeeae et iaeeasaisaas 126
balanging ... .vvvaen e tiar e vivereereear. B3—-68,220-233
halancing quality ., ...... ket e veey e G6—E8
bandwidth reflection time ........ Crraneaen PP ... 280, 251

cablenoise ., .vveririnns Cerees ey et P X ]
calibrators fvibration) .. .ot i i e e e e 116-118
centrifugal balancing machines ,...... P~
charge amplifiers .. .uiviriiivrssariiirsarairiannes veves 98,99
charge sensitivily ..o vvuvvrrrrranen Crrrie e Cere s 96--98




cinetosis .......... Ciaraeasaaareae eiiaeaeerriae Cevanesss 73
coherence function . ............ et e 255
comfort boundary . ..... [N e arareases A i<
complex fraquency response ... es e ennrernea ... .36, 37,46, 47
complex shock ......... eera b e e 27,218
complex signal .....c000.0 e, Ceee et b e Veevrevneens 26
complex transfer characteristics ........ e rer e .. 252,253
complex vibrations .. oviiie i iiresariieriiiiaerieiiiniaess 18
compliance ......... Ceresaeranaeaes Cieaerearrraraa 14
compressional vibration ... .ooo00eieen Cratireraaranas .., BB

computer program for balancing ....c.cvvsvirirerven.., 231,232
canstant bandwidth analyzer .......... vevs .. 87,104—106, 141, 185
constant % bandwidth analyzer .......... ve... 87,104—106, 141, 195

CONtINUOUS ProCEsSes . ...... e s Ceetrrernsiraranns 21
CONtINUOUS SPECHIA . uvvvnun. isestreerrsaearasraey 18,20, 26,28
correlation coafficient .. oo ie e saiaer e ,s 264
correlogram ... . 000 b a e en e e e b eens vresees 260

co-spectral density . ........ et e ae e 249
Coulomb damping ............ e e era e e 176
Coulomb friction .. cviinreri ittt iirisinrciaseaass A4
coupled modes ...... TN vaeei s veere.. 250
couplng o iii it Ciareriieriaieea.a. 39,168
crastfactor ........ c000ivann N IR 16
critical speed ....... P D T3 |
cross correfation L. ..., O et . 246—-264
cross spectral density .+ ... .u it e e Verreneas 247-254

dacay rate Method . ouvvvrvsranavsoonrnnsnsrvonasios .. 180-182
digital processing . ...... e rre et severeeas 114,115,142
dislocations ........ AP S rresarar e N -1
distortion ...veeiiurinn. Veresaietterera e viarer..s 132,196
drop test machine ..... PP erer e svae 216
dwelling covivivvarrsrnaranss e saerares vevrrenass 205
dynamlicabsorber .....oveviiniiiiins e e , 166—168
dynamicbalancing .......... et Verreresiaras 221
dynamic stiffness . ...... PN e veveans 240

electrodynamic vibrator ., ......... Ve i sasnr e i aan 186-190
clectrohydraulicvibrator .............. eve et et ., 187

ensemble averaging ........... e Crrere e 30
enveloping vovuie it ririrnainea bt eeeraies, 202
equalizar, peak-notch L .vvvsvviavaens e asasiarens wiaseee 198
exciter Control L., uviies i Ceerterrcasacans .. 87
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Fast Random ............ b s as et e ey ceaee 114
fatigue L .uiiaei i s st st veieaer.. BB
fatigue-decreased proficiency .......... st 73,75
first-ordar probability density ... viviiieiiiiaia it arriaan .. 256
floating floor ............ e s earr ey Civieeess 1682

forea gauge ...... Cerreae ey S 4
formfactor ..oovvivinrrnaneas o ar i vk es ey 16
foundation reaction ........ PR .. 148
Fourier frequancy SpeCIIUM . ...vveie it rvnas veens 17,23,29,50
Fourier Integral ... vuveevsnennns et e s e 24,27

Fourier transform ,.......... ety .. 27,36, 47
frequency analysis ........ SN A ¥
frequency analysis lmitations ......... PR 139
fraquency analysis, shock ... vsvvienraiaraniianinna, crerees 126
frequency analyzer ..... ibrsreaeunree R - - A [1 1)

fraquency domain .. uyvieserinaroonrnarsararasansnsns veeans 18
fraquency limit of systems ............ b rr e e 103
frequency range requirements .. ..oveisneeas raruaares vareaes 129
frequenecy resolution L. ..uaeisansenns M semara et 105

frequency response . .......e0en Caeiraer e n iy ., 34,40,129
frequancy spectrum (contlnuous) e r ey 18 20, 26,28
frequency swoep tost ... ... iirreraiiraniens ........192—197

frequency transformation , ..o vsvura et et ... 84
gamma function ....... Crerere s e e s e 62
GaussianN CUIve ... vvviniaren s ..

Gaussion random ProCess . .v.veevrrnvrnonrrrorarss +. 0 4B, 256, 261
Geigertest +..einieaas Cersererareens vervrisesrasaeanasenas 181
ground loops  ....... 123,124

half-power POINES oo vvinveiriiiivr v rr e ranens Lo0e 38,178
hardening spring ........ .. fe et crieiereens 162
harmonic motion ........ b e ararres teeraraririaiaaas 14,18
harmonics ......ovens P K A L 1413
Heterodyne ANaIYZOE . vurvvvvnscrrasarrinscssirnsssassnss oF, 136
Heterodyne Slave Filter .....cvevvenvnornrrenerss 87, 195, 243, 254
RIStOraM +vvernransenes e irreraraay AP -1

IMPedaNCe ... vevs i ivnarararnnss errirrariarrararaay 235
impedance analegy . ......... b e e . 236—239
impedance head ...... Cecree s et erraransenereres 241,242
indifferant equilibrium . ... il verreress 684,221
T o T venes 240
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infinite degrees of freedom ... o iii i, verearrer-a.. 51,63
interchangeabla heads .............. e e 192
imerface damping .......... v eer e R £

isolation, shoek ....ccviiieiairnaaenen bt .. 166
isalation vibration ... u i i i s 144
fsolatortable .......vvvviniunaraaans P veeriaas. 163
jaw-skull system ..., .00 s eaar e rier e 10

joint probability density ..... emedsharrainasaas veaesees . 264, 265

lateral stability ........ e . .o 147
level recorder ... vearariaan [N ceeerens . 109, 11

loss factor .,...... et Virereierarerasriariae, 178
low frequency measurement ... v vvuaers . e e 84,85
mastes-slave arrangement .. ... e m e ettt e ey 197
mastic deadeners ..., .. e e aans et araans veeiaee. 178
material fatigue ....... e eer e .. 58
maoteriad slip ..o P erre i anr ey 58

TRAXIFNAX SPECIIUM 4yt vevnaanns i 49, 50, 1586, 210
mean square spectral density .. ..., ... .4 20,2327, 46, 47, 106, 256

measurement scheme (vibration} ., ............ viraseesress 125,126
machanical impedance ,....... N Cerrnaenases 235
mechanical model ..., e veiniin i Ceer s s e 34
microphonicnoite ,....c..0.. U ¢

mobility ...vvreiiriirii e i el veaevas, 235
mobility analogy  ,........ ks ta e veres s 236239

motde cvivrinrreanan P e rrdrari e 51-54
moment of inertia .......... I 44
motion analyzer ......... e e e 221-223
movingolement ..., 0.0 Veen e b e et vireness 189
multiband equalization .. ...veviinvanrsririan Cerrreraraaaa s 199
multi-degres of freedom ......... veererraranaaerass e 39,43, 147
negative damping ..... PR
[ T8 - T veor 126
NON-liNear Iselotors . .o.ovivrvevnniuiresnrnnas Cerararesran e 162
nonlinear stiffness . .....0vvhuuias P : 1|
NOMINEAr SYSLRIMS v v vsvrrvnnreren Crerasesasnaerisers A0, 287
non-stationary vibrations .. ..cuviivieereririiaisirrnarerns s 2931
non-stationary vibrations 8NAJYSIE v v ie e nriniaen . 113
normalized Gaussian CuUrve oo .o vieevivnrernaines heerrriaaraas 22
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e e e

overall SpRELIUM Lo vniviiis e e Vet reneran iresavarsreanss 186
overtasting ....veu0... e e e e ey Venvans. 196

parallel analysis o ivniiinibaninns P B ke
peak-notch equaliser ,..,........ . e cieea.,, 108
peak probability density ...ovi e iieaann e e .. 261,263
periodie vibrations .......... Cevaereas P
| phase distortion ......vveviiiinanns Ceraransiiaesarnass 102,129
! phase response ......... e et ... 102,129
i POINt IMPOLANEE + .\ et vrervnvnreannarnrreeraveenrenes. 240,242
point mobility ........ Che e er ey, Crav v ares. 240,242
powar amplifier ..., v i i s e ... 189
preamplifier . ..vriiiii i et st e reeaa 97
preamplifier table ... iieiiean it i anarariiiraninraaaass 107
prabability definition ., ... . veiiie i s, 20,22
probobility density ... iiiien e i e n g,y 2022
probabllity dansity measurements .......vivevernan e, 256—260
pulse height .o vuvien v iiinronerorrniones P |- 11
PUISE SHAPE L4 .v v viur i vient st s iiar i iia s eeas 210
pulse shapa distortion ....ccov e ieirnancrearrennsnrraneissys 131

quadrature spectral density . ............ Cirrarerr e teraae.s 248
LT Ly T T P | |

random load fatigue ..... e st e ey veess B2
random vibrations ... iieieaierareias e reaes Cereeenan 20
Rayleigh distribution .. ... v0veuieeisainnriens veraiernae.. 81,261
Real Time Analyzer .. ivvervnnrnrene, P = 1: A B
FECBPANMED v vs et st ssonvnusaasrnmsanrassines ceveriaea.. 240
regutationspesd ..., e TS | K
residual shoek SPEETIUM . v vviuvevss it vnanans R
resonant fraquenty ... serciirsrrrinaan, AP eveae.. 37,40
response, occelaration .. .. v. e e s sainens - |
rasponse, displacement . ..., Cerenaas e A |
response, fOrCE vttt vonveresaronnnneritonsnes cereana, 187
TESPONSE, SNOCK .+ .y eu s er s ronntrnsvarrroniorararnnnny . 48
response, veloclty ..., ... P |1
RMS valug L .vuenn.s. e d bttt .. 16, 26, 141
R.M.S, measuremant flUCtUAtioNS ..o vr s vrverrnrevaesrs. 108,109
rocking effects ... vevevrrrainns et e e, v.e 162
rotational vibrations , .. .coeeiiiiininera. Cierrreraas ersanans 44




sandwich Struetures .....,..... ererrsenan Cirrerrcanennaree 177
sequential analysis ......... PN Crrarrar e i arareres 88
Shock . viuvnivanns Seea e s rrer e dierreeeaes 27
shock isolation ............ P vers. 186
shack machine ...ovvivsiin e riavaerenans earaeras s 216=218
shock response ........ Cherere et e Ceraeanes .. 48
shockspectra ....ovvuenennn A et e va. . 4B8-50
shock synthesls .,..... rerra e, PR RPN . 215
shock testing ........o000ne b s rerreaarvrareriarey 210
shockwave ............. [N esrerraaeas Chresiaaeas 28
signal averager ... .ciivnennas P, Cereanes veees 197
single degree of freedom ... e N L K 1
six degrae of freedom ., ... 0000, P L ¥
slipbands .., ..o i ian s Cerertiaaa PP ...+ BB, 59
Slow Random ......00000ns S A 1
SNeurve ...oovaiiiane, [N Cereaeeaans Ve 59, G0
softening spring .o vviiian i irnes et e . 162
Sound Level Meter ..., 0uunsan PP e irrerenes .., 81,82
spactral density {power) ... ..., 00 0. . 20, 23-27, 46, 47,104, 266
spectrel content .. ..... ..., eewaaans et [P 128
spectral line ......... e e et s P 29,130
speetrum equalization .......... [P Cenerar e Lo 218
splicopulse ., . .enveriinnnan, et e ey 140
stability {accelerometer) .. .. .. e isiraes AP e tiaaras 96
Standing Wave . .uuerenniareriens, e aeseetreay AP, Bl

static unbalance ..... O, Cerar e Cheaes

.. 63,64, 221

ceee 20,21, 24

StAtioNary process . ... y.yiecnns Cereseanan
stochastic process ... Cereraaen PN ... 48,105
Siress CONCENtrations ...y v eiirint s anrrrnas et 58
stressreversals ...... Ceraer s Cererararras .. 59,61
subharmonies ... o iieuan I cevees s 43
SUPErhBIMONICS oy e evrvvnvrsnnsinss e . .43
superposition principle .,,.,...... Careersaens e aas .+ 35,40
suspension resonance ........ Ceeiediar e i ens vareriaa.. 189
swoeprandomtest ......iehenn s Ciaeere s ceerar e es, 203206
sweeprate L. .,.0..000., PP AR TEERET) Peereaas 1N

Tape Signal Gate ,...., ey e vareres ven

tape speed transformation ., ,...... herearaa. Chasenaas Ve 140
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